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PKEFACE. 


As this work contains a great number of Integrals fully 
worked out, the Author hopes that it will considerably facili- 
tate the progress of those who are entering on this branch 
of study, by showing them almost all the artifices that are 
used in those branches that come within its scope. 

The works that have been consulted are those of Peacock, 
Gregory, Hall, De Morgan, Young, and various mathema- 
tical periodicals ; also the excellent little work on the Cal- 
culus by Mr. .Tate, which, like all the productions of that 
eminent writer, abounds with useful information, apart from 
the able manner in which he has treated the first principles. 

Where integration by parts is used, the whole process is 
put down, but the student should endeavour as soon as pos- 
sible to acquire the facility of running off the quantities 
without writing down all the intermediate steps. 




EXAMPLES 


INTEGRAL CALCULUS. 


CHAPTER I. 

ELEMENTARY INTEGRALS TO BE COMMITTED TO MEMORY. 
('■) 

(S.) ta„-. (c./l\ or 

’ J a + Jx-* v'ai \ W a' J «*+*' 

1 . X 

== “ tan~‘ 
a a 

(4.) /l^ = co,-'!. 

(5.) A4^ =log 

(6.) /—====• = vers-* 

(7.) = log (^±a+ /s/a7"±?^ ax. 

J V x^±i^ ax 

P dX 1 .X 

( 8 .) / — -sec-'-. 

k/ x*^ ar — ^ 


•= log (x±a + s/x^±Li^ 


d X 1 4 .17 

- sec - 
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EXAMPLES ON THE 


(9.) r = Mog % — ■ . 

J d^-±_ar ^ a-h v/a*±:a;‘^ 

(n.)/rt- = i|-_. 

Examples. 


+ J*)' 

Let X : 

duced to — — - 

J az -^h 


a 

1 h. 



ax 


cdx 


c e 

s'* » “ 3 p 


v)xdxr=: + adX 
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f* , n ^ A 3C^ 

J 3 + 4’ + y- 

^ J x^ ^J x^ J X 

(7.) J'duz= l^et X ■r^=z-, dx=dz 

, {z — ‘Hydz (z'' — 6z'‘ + l'2z — 8)dz 

.-. du = *■ . ,./ — = i — - 

= ( z— 6 + — — %,\dz, .-. it=-^ — C« + ]2.1og«+ -, 

\ Z Z' J (i z 

-12 z’^ -^-z A log («^^) + 16 

_ (a + ay— la (x + zy + (a; + a)iog (.r — 3 )^^^+ le 

“ 2 (x + 3) 


Su 

= T“ ■^+ (^/^^> 


(»•)/ 


reduced to 


bdx 
2 a;** 4- 3 

hz-d. 


Let X = then the integral is 
z ° 


f- 




1 /^\hz-dz i/*/K 7 10 dz\ 

3 y Y+W7‘ ~ V 3VH8 ) 
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EXAMPLES ON THE 


3 ■ 3«- + a 3 J 

0«.)/lS 

0.3^ /^ dx 

"“O 3 J l + 

r _ — (by substituting s/ x =x) 

c/ 1 + Va: 

-»/(;-iT.): 

=2«-iog(n-^)' = 

.-. the integral is = ^ ^ +a:-2 (a;)^ + log (1 + ) 


(11.) Let ^x = z, then a:=5® 

1 + ^ £la;=2«d»; 

f x'^/x.dx (L£— .^zdz— 2 
J \+x Jl+ar" 


= 2y^ »— dz+dz 

. ^ + 2 a: — 2 tan-'a: 

+ 5 3 ^ 

_ — 2 tan-' 

5 ^ 
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= tan (an useful integral) 

dx ^ r f}/' d(‘ilcx-\-h) 

a-{-bx-^cx"'^ cj , , , a~~ J (^2 


4--^ + ■ 
c c 


(2 c;i? 4- -f (4 a c ~ b^) 

2 c x-\-h 


\/ a c --•})' 


V Y^4 


Examples for Practice, 
(a 4- 


(1-) J'{<^.'^hx)dx^^^~^ 

(3.) fx{a + hx'-ydx = - - ^ ' 

/o \ + 'i^hx) dx __{a-\-hx--\-cx'y' 

(3.)J - - -g— 

(4.) /^ {(^ + y^)(ay^ + i)}^-'g = + ^-)3. 

c/ y/.'l? 

(0.) /•(yJT4 + «)jf ^ + yiqri). 

' 4- 4 


( 8 .) J^{a -^-hx^Y .^xhdx :=. 


{a 4- 
3 
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EXAMPLES ON THE 


+ v^»'+ s 

coo/'^tat' = = sv^.. 
( 11 .)/ 


s/ X' + X 

{Sx 4- ^)dx 
V 4 - 1 

^xdx 


<■“■)/(?+ 1) 


= S 4 - ;i?-* 



X' 4 - 1 * 


dx 1 , > r-“ 

— log V a 4- 


^ ( 2 d? 4 - 1 )^^ 

(15.) 


<\ + 74 ®" + 7 ^® 

5.) / V_ 4(i ^ 2d / 


/a + 6a;' + ex’ + dx^ 


(le.)/ 

(n.)/(f: 

(18.) 


Va + hx‘ + ex’ + dx* 

(Ox’ + 8x’)dx S-Cx’ + x’)? 


2d 


(x” + ®’)^ 


+ 


dx 9 "~P 


(d?’* 4 - d?""*) 7 

h 


n . (q—p) 




bx 4 - cdJ^ 


Va 4 - fed? 4 - cd? 


/^ ( X A — — <id? 

(10.)/ \ ^ 2 c / ^ 71 . (a 4- 5d? 4- cd?^) ” . 

(n — w).2c 


(di 4 "^^ 4 " cd?')" 
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CHAPTER IL 

RATIONAL FRACTIONS. 


(1.) To integrate + 

Lot ^ _ A I B P 

(« + 2) (a: + 3)" ~ (« + 3)^ ^ (« + 3) ^ (a; + 2)’ 
» =P A (a? + 2) + B (x + 3) (ic + 2) + P (a + 3)». 
Let a = — 3, 

— 3=A(2 — 3) = — A, A = 3, 
a — 3 (a + 2) = B (a + 3) (a -f 2) + P (a -f 8)® 

— 2 (a + 3) = B (a + 3) (a + 2) + P (a + 3)* 

— 2 = B (a + 2) + P (a 4- 3). 

Let a = — 3, 

— 2 = B (2 — 3) = — B, B = 2. 

Let a = — 2, 

— 2 = P (3 — 2) = p, P = — 2, 

. ^ 3 2 2 

(a -|- 2)(a + 3)^ (a + 3)^* (a + 3) (jc + 2) 



»dx 

(a 4- 2) (a + 3)'^ 



3(fa 
4- 3)^ 




dx 


(a; +3) 



d X 


3 

(i»-f 3) 



»?/ * 4 ^ 3 

X ^ 
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EXAMPLES ON THE 


_ A B C D 

(a) + 4)®(« 4- 2)^ {a> + 4)“ (* + 4) (a? + 2f x + 

A-’ = A (a + 2)® + B (a + 4) (a + 2)® + C (a 4- 4)® 4 
D (a 4- 2) (a 4- 4)®. 

Let *4-2=0, .•. *= — 2, a;® = 4, and C(*-t-4)® = 4C 
4 = 4C, C = 1. 

Let *4-4 = 0, .•. *= — 4, *®=16, andA(*4-2)®=4^ 
A = 4, 

ar — (* 4- 4)® — 4 (* 4- 2)® = — 4 {or 4- 6* 4- 8} 

= — 4 {(* 4- 2) (* 4- 4)}, 

= B(*4-4)(*4-2)®4- D (* 4- 2) (* 4- 4)®, 

— 4 = B (* 4- 2) 4- D (« 4- 4). 

Let*= — 2, — 4 = 2D, D= — 2. 

Let*=— 4, — 4 = — 2B, B = 2. 


The fraction reduced becomes, therefore, 

4 2 1 2 . 

(X 4- 4)® 4- 4) ■^ (* 4- 2)» (x + 2)’ 


and its integral is, therefore, 
f* dx 


n^dx n 
»/ (* 4- 4)® "V (* 4- 2)® 


?-±iV. 

X 



Adx 
(* 4- 4)® 


= 4 rf* (* 4- 4)~® ; 
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‘ (^ + 4) 


In the same way. 


p dx — 1 

J(x + ^ 

4- 4 ^ ^ + 2J ic- 


therefore the complete integral is 


5;r+]2 . 

4- 6^ 4- 8’ 


x^ 4- 6a; 4- 8 




<»■) 


y ^ Ax Bx 

(x^ + 1)(«* + 3) ~ «“ + 1 + 3 ’ 


.-. 2 = A {x- + 3) + B(x‘‘+ 1), .-. A + B = 0, 
3A + n = 2, A = 1, B = — 1, 

y ' Qxdx _ f( xdx xdx \ 

+ 1) {x^ + 3) j \^ + 1 «■* + 3 y 

= i°gA/^ 


iV It/iAj 

(4.) ^ 
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EXAMPLES ON THE 


(x"+ l)(a>« + 4) (»"+])+ (a;* + 4) 

as^ = A (a)^ + 4) + B («» + 1). 

Let X — s/ — \, ot x^ = — I, 

.-. _ 1 = 3 A, .*. A = — i, 

O 

+ g (*" + 4) = B {a? + 1), 


4 (a;’ + 1) 
3 


= B(a!- + 1), 




Or thus, 




ardx ^ C 

-f- 1) -f 4) “* 37^+ 4- 4) 

1 ^{4 4 — 4 - 4 )} 

“" 3 ./ 


{x^ + 1) (a;^ + 4) 
4</aj dx 


+ 4) x- + 


t) 


= l( 


2 tan""^ - — tan“^ 

/Z 


x) 


(5.) dtt = 


( 3 ^- X — ^)dx 

{x^\r{x^^ + \) 
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Let 




(x - 1 )^ - 1 )" - 1 ) ■*■ (ar“ + 1) 

4“ 00’^ 2 =;:A^jip'^4“ 1) 4* B(^““ l)(ii?^4“ 1)4" C5(jf— -|- 1^ 
4-P(^-l)\ 

Let ^ = 1 .*. 2 = 2 A, .*. A = 1, 

Sar + x — ^ — {ar + 1) = B(:r— 1) [x^ 4- 1) 4- C(^ — - 1)* (;r' H- 1) 
^-P(^-l)^ 

.*. (2«4-3)(aj— 1) — B(^— l)(:i?^4-l)4- C(^— l)2(.r"4- 1) 

4- P(;p-1)\ 

(2.r 4- 3) = B(;»" 4- 1) 4- C(^ — l)(a?^4- 1) 4- P(:r — 1)^ 
Let a? = 1, 

',•. 6 = 3B, B = -, 

2^ 4-3 — 5^^" "I" 

5 fly® — 4fly — I 
= - 


= - 1} = + l){x - 1) + p(a; - ])^ 


5x + 1 


C(x‘^ + 1) + P(x — 1); if » = 1, 


.*. — 8 = 2C, 


— I 


+ 1) = P(*- J) 


3x» — 6a» ■ + 2 
3 


= P(«-1) 
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BXAII1PI.E3 ON THE 


(3a! — 2) (a; — I) 


= P(a!-l), 


3a! — 3 /'3a! 


2 \ 2 J 

/ (3a!' + af — 2)(ia! p dx _ 6 /• afa! 

(a! - (a!^ +1) (x - 1)3 + 2 y (a! - 1 )* 

3 do: , ^ Z' 

~ 2y (a! - 1) 2y (a!* + 1) 


J 1 ) 

1 1 3 1 / IX 

- 2 (^3-[) - 2 ’<>8 1 ) 


3 1 ^ 

2 ‘ ^ 


+ 0 


tan~^ ^ 


1 5 1,3, ya!" +1 , 

= -2lS3T7.-5'J^ + s‘”8-^T)--*«» '» 


(6.) du = 


(1 — a! + X') dx (1 — X + a!') dx 
I + X + x‘ + x' (1 + x) (1 + x') 


1— a! + a:^ _ A B 

(1 + a!) (1 + a!-) ~ (1 + a!) ■*■ (1 + a!*)’ 

1 — a! + a!* = A (1 + a!”) + B (1 + a;) 
X = — 1, 


then 3 = 2A, 


••• ^ = 2 ’ 


I — x or — Wl + or) = B ( 1 + ^) 

/V 


ai”' + 2a!+l (1 + *)" 


= B (1 + x), 
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B = — 


1 4* ^ 
2 



(1 — a? 4* «*) da? 
1 4 4 4 a;* 




1 

(1 + 0 !) 


Ill 
2 ‘ 1 + «'= 2 


= ^ ( 3 log (1 + a:) — tan-> o) — ^ log (1 + tv-)i J 
1/ (!+«)" . \ 

r7 w - 
( 7 .; au 

T .pf 

^ (ic 4 1)" (1 4 ^ 4 ^) 

_A B C P 

(1 4 (14^) 1 4 4 a;^y 

.•. 1 = A (1 4 (1 4 4 a;") 4 B(1 4 ^ 4 

4 C (1 4 ^) (1 4 a? 4 + P(1 + 

Let a? = 0, .-. A = 1, 

1 — (1 4 a?)- (1 4 a? 4 a?^) 

= B(1 4 a? 4 a?*) a; 4 C(1 4 a;) (1 4 a; 4 a;^)a? 4 P(1 4 a;f aj 

\ 

.•. — (3 + 4a! + 3a!'' + a!'') = B (1 + x + or) 

+ C(l + a!) (l+a!+a!") + P(1 + xf. 



u 


EXAMPLES ON THE 


Let« = — 1, B = — 1, 

• (3 "I" -{- -f- (1 -f- ii? -f- = 

C (1 4- (1 4- ^ 4- + P (1 + xf or 

— (2 4- 3;» 4- 2^- 4-^“') = C(1 4-a?) (I -f aj4^’)4P{l 

— (2 4^ + ^') (14^) = C(1 4.a:) (1 4P(14«)^ 

— (2 4 ^ + ^-) = C (1 -j- a? -f ;2?-) + p (1 ^x) 

;r = — 1, .'. C = — 2, 

— ^ 24^4 4 ^ (1 4 ^ 4 ^ 4 

0? (1 4 ^) = P(1 4 a?), P = 07, 


■/ 


d(oj 


(I 4 0 :)^ (1 4 07 4 07^^) 



dx 
(1 + 


^dx 


xdx 

1 + 07 4- 07 ' 


) 


1 

( 14 ^) 


2 log {i + x) 


(1 4x 4 S 07 ^) dx 
X + + x^ 


= - 2 log (1 4. a:) + 

^ fd 307 ^^4 x '‘ 

^ \ 07 ® 4 or* 4 07 - 4 0?’* -f 07 * 


1 

1 4 07 


I ^ ^ \/o7^ 4 O?'"* 4 07* p 07® dx 

+ ^^8 (TT~^^ Jx^- 4 or’ 4 "^' 


1 

2 
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2 “1“ -f- »ZJ^) ,y 4 -f- 4*c 4“ %J ^ 4" ^ 


2dx 


+ 1 )^ 


= 1 / 


dx 


1 + 


.*. dx'. 


( 2 ;p+l)' 

3 

sj ^ .dz 


lx 

let 


v /3 


■ • If: 


d X 


2 -y/ 3 ^ pdz 


1 + 




/!__ — ^ ndz 

'c/ 1 + ””n /3 ’V 1 + 


= — ~ tan~^ ; 2 ? = -^tan 7 =-. 

\/3 v/3 v/3 


-y:- 




1 


\/3 

, 2 a? + 1 
3 

v/a?'^ + a^ + i 


(1 + a?)‘^ (!+« + «*) 1 + a? 


+ log- 


(1 -+- xY 


Or thus, 


1 ^ _, Sar-fl 

7 =tan-» — j^. 

v/3 v/3 


1 


ic (1 -f (1 4- 0 ? -f x') 

1 4 - ^ 1 1 

a;(l 4 a?)^ (1 4 aj 4 ^ 7 ’') .t( 1 +:i 7 )'^ (1 4 -a:) ( 1 4 a? 4 a;'^) 


14-^ — a? n4a;4^‘* — ^ — x-\ 
a?(l 4- xy i(l 4-a?) (l4-^»4a?‘0 ^ 
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EXAMPLES ON THE 


111 a; 

1 

fp(l-f-a;) (l + a?)^ I -fa; (l-faj-fa;’) 

1 -fa; — a; 11 a; 

a; ( I -f a;) 1 + ( 1 -f a?) 1 -f a; -f a;'^ 

1 ^ ] a; 

a? 1 -f a; (1 + a;)” (1 -f a; -f a;^)’ 



dx 

(1 -f xY (1 + X -f x~) 


1 , 1 ^ f ^ 1 I Z' 

a; -f 1 l(a; -f 1)^3 (1 -f a; -f a;^* 


And 


‘/o 


xdx 


(I + x^x^) 



( a;H- 

(x -f -f I j 


dx 


= log ^ar + x + \-^^ tan-' ( ), 


ax 

®(1 + xf (1 + iC + ■'C'O ” 

1 , \/ x" + x' -{■ x' 1 /2a:+l\ 

^+‘“e-7:?TT7 — :75“"“VT7r> 


/-» rf x «?» 

^ ’’ J X? ■\-x' — x^ — x' ~J x\x + 1)- (a!-+ 1) (*— 1) 


A + Ba; C- P E P 

{x^+ 1 ) ■*■ (a; + ir (*+ 1 ) (^ - 1 ) a--’’ 
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1 = (A + B v) (;c — 1) (a; + 1)^ + 

C 1) (ii?- 1)^'" + D(4?"-4- 1)(^ 

E(:17- + 1) (re 4 - 4- V{piP‘ 4 - 1) (i» + 1). 

Let re = . 1, 

1 = (a + Bn/^) (14-^/-“1)‘^ (n/IT— 1)x — \/^= 
(A 4- B \/'3T) (2 n/ITT - 2) = 

2 A — 2 A — 2 B — 2B, 

by equating 2 A */ — 1 = 2B V — J, A = B, 

2A4-2B = — 1, A=B= — 

1 4- j (^ + 1)^ (^— ^) = J (re’^4- 4- 4) 

= j 4- 1) {(o* 4- 2re^ — re'^ — ■ 4n?- 4- 4) 

= (rc- 4- 1) {C (re — 1) re'* 4- D (re 4 - 1) (re — 1) re* 

4- E(re 4- 1)" rr*4' P(^ + (^ — 1)}, 

.*. ^ (re"* 4 - 2 re'* — re** — 4re^ 4 - 4) = 

C (re — 1) re** 4 - D (re 4 - 1) (re — 1) re"* 4 - E (re 4 - l)^.r* 

4- P (re 4-1)" (^ - 1). 

Let re = — 1, .•.^ = 20, •*. C= 7 , 

2 4 

~ (re* 4 - 2re^ — re^ — 4re^ 4- 4 — re^ 4- re"**) 
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EXAMPI^ES ON THE 


= i (*’ 4- + 4) = j(*+ 1) («• — 4a! + 4) 

= (a: + I) {D(ai — l)ar' + E(a! + l)ar’+ P(a; + 1) (»-!)}. 
... l(a)<_4a! + 4) 

= I> (a) — 1) aj’ + E (a! + 1) as’ + P (a: + 1) (a) — 1). 

9 0 

Let a; = — 1 , .• 1 = 2D, . . J)=i 

4 o 

... I (*« _ 4 a: + 4) - I (x* - a!’) = - ^ (7a!*-9ar’ + 8*-8) 

4 8 o 

= _ i(;B+ 1 ) HaP- ICa;- + lOa;- 8) 
o 

= (a: 4- 1) {Ea4 4- P (® - 1)}, 

••• — s — ] 6a!’ 4- 16a! — 8) = Ea;’ 4- P (a: — 1). 

O 

Let x = 1, E = 3 , 

8 

— ■i(8ar’-16a!’4-l6* — 8) = P(*'-1), 

^ — 1) — OJ + 1) = P (a? — 1), 

p = — (a?’ — 1), 

1 _ 1 1-f ^ 

aP — a* — 4 1 -f 

1 1 .9 1' 1 1 a?* — ic + 1 

4 ’ (1 + ;r)- 8’ 1 -f a; 8 ’ ic — 1 rr' 
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/ dx _ ^ r ^ 

— T 


\ X 




dx 


+ 


\f 


dx ■ 


+ 


^ p dx 

\J I +x 


( 1 +^)" 8 
] p dx p dx 

X— I J X J 


_ 1 p^xdx \ p dx 1 ^ 

I J I J X 


dx 


+ 1 )" 


+ ^log(*+l)’’+^log(«-l)-log«- J + ^ 


X 2 


1 1 .1 , 2 ^ 1 . 1 1 1 

2x^ X 8°^ ^ 4 4 (x-f-1) 

+ g{'og(^+ ly+logCa; — 1) — log«’} 

___ 2 -h 2^ — 4j?^— 4aj — 

~~ 4x^(l+x) 

+ I {log (® + 1)“ + log (« — 1) — log (1 + »2) — log a/*} 

1 , 3 — 2 ir — 5 a?" 

tan*”^ X = — 7 - - /J 7 - 

4 4:X^(l+X) 

(«.)// 


(6x — 2)dx 
5a? — 3 


+ 6a?‘^ + 8x 


_ A 

a?*-|-6a?^“f8a? a?*^a?-i-3 'a?H-4 


® " 


5 a? — 3 A (a? -|" Q) "h '^) "I* Ba? (a? -f* 4) -f- Oa? (a? -j- 3). 



ao 


Let 0 ? = 0 

X '= — Q 

X •==■ — 4 


EXAMPLES ON THE 
— 2 = 8A, A 


1 

4 


— = — 4B, B = 3 

— 22 = 8C, C = — 

4 

p {^x — ^)dx 
’ x^ -f + 8 ;« 


1 ^ dx ^ ^ dx 11 n dx 

== — - log a; + log (a? + 2) — — log (a? + 4) 


4 + 4)^' 




-4- 2^' -f ^ 


3 ^ “h 1 


.=^+ 


B 


T?. + 


X^ ^X^ X X {x l/'^ X V 

3^ -f 1 = A(iP + 1)^ -f- Bx 'j- Cx (x 1). 

Let 07 = 0, 1 = A, 

— 207 — 1= 0?(1 — 07) = B07 -f C07 (07 -f- 1), 
1 — .07 = B + C(07 -f 1). 

Let 07 = — I, 2 = B, 


- (1 + 0?) = C(07 -I- 1), 
► (3’o7 H- 1) <fo7 p dx 


•. C = - 1, 

dx p dx 


/ (3o 7 H- l)ao7 n dx n dx n dx 

or* + 2 o 7‘^ -f ^ ^ J xi J {x J X -f 1 
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= log — log (^ + 1) 

. X 2 

= log 


Let 


iC + 1 X V 
dx 


-f -I- 2 /d" 

1 A 


B 


1 -j“ "t* 2^'' X \ 2^ -f- 1 

1 = A (2« + 1) + B(a' + 1). 

Let a- = — 1 1 = — A 




p dx 

' J r+iu 


>=-? 


B = 2, 

^ dx ^dx 


•Sx 2^“ 


-/sttV 


2;?? + i 


■ log(j! + l) + log (2* + 1) = log 


2/1? -f 1 
;^? -f- 1 


(12.)/- 

Let 


xdx 


(/2?-2) (a: 4-3)2 

.r A 


B C 

4 : — ^7 4- 


(x — 2) (/c 4“ 3)- (a; 4- 3)2 /i? 4- 3 ^ /i; - 2 ’ 

0 ? = A (/c — 2) 4“ 4- 3) {B {x — 2) -f C (/c 4- 8)}. 


XuOt X — ““ 3j 


— 3 = —5 A, 


A == 


3 

5’ 


5 / 1 ? — 3 / 1 ? 4- 3 2 (/?? 4 - 3 ) 

... _ _ - 

= (/» 4- 8) {B(/i; — 2) 4- C(a: 4- 8)} 
%■— B(* — 2) + c(« + 3). 

t) 
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EXJLMPLES ON THE 


Let a? = — 3 ; 

2 _ 

6 ““ 

6B,.-.B i 


2 _ 

2 

a? = 2 ; 

5 ““ 

6C, .-.0 = 


r 

a? dx 


dx 2 


^ p dx 2 ndx 2 P 

~ lj{x + 3)» ~ ^yjT3 ■*■ rojx 


'(* + 3)» 
3 1 


5^4-8 

2 ^ X — 2 

~ ^ x+Z 


^ log (» + 3) + ^ log {x ■ 


3 1 

5 X + Z' 


Let 


4- 3^ -f l)dx 


.3 4 . — 2x 

4 - 3 a? 4 - 1 


B 


+ 


2^ 


a?** 4 - — 2x X ^ X — 1 a? 4 - 2 ’ 

a?' 4 - 3a? 4 - 1 = A(a; — 1) (a; 4 - 2) 4 - Ba?(a? 4* + Ca?(a 7 — J) 


Let a? = 0 1 = — 2 Ay 

a?= 1 5= 3B, 

a? = — 2 -1= 6 C, 


A = 


1 

2 


B = 


C = 


3 

1 

6’ 



(a?^ 4 - 8 a? + 1 ) dx 


a? '’ 4- a?' — 2 a? 
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= - ilog iC + ?-log (« - 1) — g log (* + 2) 


1 (a= — 1 )'^ 


Let 


X dx 


Kps + !)(« + 2) {x'- + 1) 

X A 


B P 

+ + 77 


{x+ i)(x -\-U>)’(x‘'^ X-\-l X-\-% 

a; = A(a' 4-2) (^‘^ + 1) + B(^-|-l) + + P(a?4-1) (x-{-^). 


Let ^ r= — 1 ; 

iC =-= — S ; 


— 1 == 


^=-2 


-Q = -5B, .-.8= +7 


X + 


ar^ + + a; + 2 2 a?*' -f- 2 a?‘^ + 2 a; + 2 


2 

a?'* -f- 6a:^ + 11a; + 6 


10 


.*. P = 


= P (a; -f J) (a: -H 2), 


a; -j- 3 
10 ’ 

xdx 


(a; + 1) (a; + 2) {x- + 1) 

=,_i r_j^+_L ri±ldx 

iij x + ) ^ 5 j x + 2 ^ 10 J x‘ + l 
= - ^log(* + 1) + |log(» + 2) + ilog(«'4- 1) 



EXAMPLES ON THE 


{X- 1)35 -f Q)s 3 

log ^ tan-^^. 

\/x -\-l 




-f- 4^1? “1“ 3 


1 _ A B Ma? 4- N 

^^a 7 ^ 4 - 4 a?H -3 ^ 

1 = A 4- 3) 4- 4- 1) 4* 3) 

4- (Mo; 4- N) (^ 4- 1)^. 

Let i» = — 1 ; 1 = 6 a .*. a = - 

0 

6 — 4- 2;p— 3 _ (a?^— 2^— 3)_ (a?4-l)(^— 3) 

6 C ■“ 0 

= B(^ 4- 1) (a;'’- — ^x 4- 3) 4- (M^ 4- N) (x 4- 1)^, 

/. - = B{^' — 4- 3) 4- (Ma? 4- N) (^4- !)• 


Let^= — 1; § = 6B .-. B = ^j, 


— On; 4-27 — Qaf^ 4- 12n? — 18 
54 


— (2n;^— 37 — 3) 


= (Ma; -f-N) (37 4 - 1 ) 


M 37 4 - N == . 


3 — 237 
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-f^ 


dx 


+ 4a; + 3 


1 p dx _,1 p dx , ^ \ p 

(x + \)~ «TT‘’*’6y ^ 

1 p xdx 

x" — 2a7 “T 3 


2a; 4- 3 






dx 


2a? 4- 3 
a; 4- 1 


1 ] 1 , 

1 — log 

6 * + 1 9 ^0!- — fix + 3 


. 1 — 1 
+ — r:; tan 


18 ^2 V2 ’ 

/■iir+~^) =(>■"“”«; =')-/?TT 


dz 


-\f 


3 ^dz I, , , , ,, 1 , 

_=--log(^^+l) = -log^5^ 


z^dz 
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EXAMPLES ON THE 


z^dz f^z^dz h paf^dz^ 

J az^ + 6 Jo, dj az^ + h 


^ log («»■* + 6) 


3a ’ 3a» 




dx 


(1 

d X 


1 h fa~\~hx^\ 

Let X = dx =: \dz 

z z^ 


y '^z^dz ^ p s. 

(^M^) VF 


/ d X p z’ dz p z'dz 

*(! + «)' ~ ~J{z^ + 1)' 7* ~ "l/(**+ 1)'- 

z‘ dz 


(«* + ]) V(.»^’ + 1)" 

=-l + 

_ ^ + 1 

~ V 3(a;' + l)' 

The folloAving method of doing the last four integrals is 
yeiy simple, and can he often used with advantage. 

/ * dx 


1 


x{x^ ] ) ' 


+ 1) 

(1 -f x'^) — x^ 
x{x^ + 1) 
a?' 


/ • dx 
x{x* -f 1) 


X ar* + 1 
1 


log«— -log(a:'’+ 1) 
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And 


f-. 


dx 


may be found in a similar manner 


a?(l 4- x^) 

1 ( 1 + ^0 — 1 ^ 


;r(l 4- x^) i«j(l 4- x^) X (14- 

■■■ = ■»* a /^1 


A 


dx 


Here 


x^ {a 4“ hx^) 
_ JL^ 
ax 


x‘^ (a 4- bx^) 

1 / a 4- baP — hx"^ \ 

a\ X* (a -i- bx^) ) 
h 1 


a 0 ? (a 4- hx^) 


1 1 a 4- bx^ — bx^ 

x^a-^bx^) a* x{a-^bx^) 

^ J bx^ 

ax a(a bx^) 

Therefore, the original quantity is reduced to 


ax* 


and its integral is — 


arx 

1 

Zax^ 


Ir x^" 

’ (a 4- bx^'^ 


+ 



a 4- bx 
x^ 


) 



dx 

X (1 + x'f ■ 


1 (1 + a.-’) - 

»(l+ar')'» “ 'asCl+a!*)* 

1 

“ * (1 +X-') ~ (1 +xY 

1 _ l+x'—x' ' 1 x^ 

»(1 +»0 x{l+x*) ~ X *'*+ 1 * 

o 2 
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EXAMPLES ON THE 


Therefore 


/c (1 -f 


X 4“ 1 4- 1)^’ 

and the integral required is therefore 

log V 3(*^+l)- 

I f* f dx dx y 

^ la?* — 1 ““ 4- 1> ’ 


/ dx n 

— 1 ~t/(a? — 


dx 


Let 


1 


1) (a?- 4“ ^ 4- 1) 
Bo? 4- C 


x ^ — 1 0? — 1 a?^4-a74-l 

1 = A (a?^ 4- ^ 4- 1) 4- Bo? 4- C(a? — 1). 

Let 0 ?^ + 0 ? 4- 1 == 0, or 0 ? = V^T .jjrJ:. 

2 


— 3 — 3 


4 = (2C — 4B) v^— 3 — 6C, 


C == 


2 

3’ 


B = --. 


Let 0 ? = 1, .*. 1 = 3A, A==-» 

«5 
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•. the integral is reduced to 

1 p { dx + 2) I 

la? — I a;‘^ -f a? -j- 1 j 

dx 




(« — r, + 2) 


p{x + %)da> 1\ /• 2 

J s^+^i = V’ ““-%)/ -7—^ 

(*■ + jJ 

.(* - 


=/' 


+ 


= log \/ ‘ 


„ 3 3 , 2-2? 

H f- -7:: tan —7= 

4 v/3 >/3 


= log \/x^ + X + 1 4 — ^ tan' 


3 

V3 


/2a! — 1 \ 

\~ 7 V ) 

■'■ X f—i = 5 log (* - 1) - i log \'x^ + x+ t 

And in a similar manner it may be shown that 

= i log (» + 1) - i log y*" - « + 1 


+ 78‘“' 




v/3 


/ * dx 1- f X — Iva?^ — ^-|-1\ 

— I ~ 6 \a! + 1 Va!* + « + 1 > 

2a! - 1' 
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EXAMPLES ON THE 


But these inverse tangents together are equal to 



dx __ 1 1 / \/ — a? -f- 1 \ 



l_tan-' ( ‘os/^ ) 

2 v/3 \ 1 — 




x"^ dx 


+ ly 

x^ 


(*•' + ly 


(1 + aF) a>' — 
{x^ + If 


And 


{x‘ + If {x‘ + If 
x' ar (a:’ + 1 ) — x 

(^- + If “ + if 


Also 


(1 + «*y 


X X 

x‘ + 1 ~ («* + If’ 
x(x‘‘ + 1) — a: 

(5*~+~Tf 


_ a? X 

~ (x‘ + 1)^ («- + if 


x' _ x' x' 

(PTTf - (a:’ + If “ + if 


X 2* _ a! 

x‘‘ + 1 ~ ■ + If (»’ + If 
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and the integral required is therefore 
log + 1 + 


4 + If 


4*’ + 3 
' 4 . {£■ + 1 ) 


- + log \/ x"- + !• 


(a;’* + 1) = ^ cos “ +1 ) ^ ) 

continued to the factor ( cos ^ ^ «• + 0 when 

\ m J 


when m 


is an even number. 

This gives 

(a?* 4 - 1 ) = ^aj*^ — 2 a? cos j+f j cos 

or (a;^ + 1) = (a?- — Xs/^ + 1) (a?- + a? ^ 2 + 1). 

9r TT . 9r 1 Stt . w 

Since, 7 = 45 cos - = sin - = — , cos — sm - 7 . 

4 4 4 V2 4 4 

Assume therefore 

a;- __ Aaj-fB ^ Caj-fl^ 

^^+ 1 . a?*^— a:V 2 4 -l a?-H-a7N/2 +1 

/. aj^=(Aa;+ B) (a;H 1) + (Caf-f D)(a?^— a?N/2 + l). 

If *’+ » Vs + 1 = 0, X = - ^ (1.) 

V 2 

!£«’ — * Vs H- I =0, a; = — — 7=^-^ (2.) 

Vs 



EXAMPLES ON THE 


Making (1) our supposition, we have 




C v' — l — c 


+D.{a-2vCri). 


, — 2CV^ — 1 2CV^ — 1 2C 2C 

or, — V — 1= — — + — 7 ^+- 7 = 

^2 v '2 ^^2 v '2 

UC •) 

+ 2D-2D «/— I • sZ-l + 2D, 


D =0 C s= 


2 +2^^: 


Now making (2) our supposition, we have 

= (by reduction, as in the preceding case,) 

r; 7 | + 2 B}v — 1 + 2 B, .-.8 = 0 , A = ^ 

The quantity under consideration is now reduced to 

1 f __® 

2\/2 trr"— a?N/2H-l a? 


The integrals of 


r:= — now re- 


main to be found. They can both be included in the general 




r =:fif;r=^T 4-^ f 

J «*±*v^2 + l \ v'2/ ./ 

=.l» 8 /y »’+5 
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+ tan- (^v/2). This gives/'— 

= log \/ 4- l) + tan“* (a?^2— 1), 
r = log 's/(a;*+a;y ^2 + l) 

J *Hafv /9 + l V T 7 

— tan-’ (ajv'a + 1). ••• ~ 


log 


V a!'’+a!v/2 + l 

+ tan-' (*■^9 + 1). 

And these inverse tangents may be reduced thus : 
tan""^ + tan”’ {x\/2 -f 1) 

\/2— 1-}- a!>y2 + l 


tan~ 


''i-i 


) 


• — 1)(£P / 2 + 1)> 

. 2a\/2 ^ X -» ^\/2 

l--(2«‘'— ■ l) 2 (!—;»/ (1 — ^ ) 

aPdx 


/ x^dx 

1^1 ^ 


2v/2 




V f* aPdx 

<“='■>/— 1 


1 A ^ Bfl?4-C 


i ^ 1 4- 1 ^ 4- 1 


0 h 
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EXAMFUSS OH THE 


1 = A («* — « + 1) + B* + C (» + 1) 

a; = — 1, 1 = 8A, 


1 

^ = 3* 


^ -f" 1 tP -f* I 


— a? 4- 2:c 4- 2 
(« + 1) 

1 1 


= — a?4- 2s=sBa?4”C» 
2 — a? 


* * 4- 1 3 (a? 4- 1 ) 4- 1 

/^(9 — /., , 1 \ fV (*^ 2 )} 

y kr^vr=(''‘'“'+2)y — — T-^ 




z*’ 4- - 


|rf* 

2 


Tv 1 

-y 3 -7 . ^ 3 


+4 *”'■4 




= — tan" 

\/3 


and 




>/ 3 

da; 


-log(» + 1), 


S^i^x+l) 3 

dx 1 ^ , / 2a; — 1 \ 

1 \/3 ( \/3 / ^ 

\/* + 1 


log 


\/a;* — a; 4- 1 
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Also, 




therefore the original integral is 



\/^ 4 - 1 

— it? -f 1 


The method of integrating by parts is used to great advan- 
tage in many integrals, >vhich is as follows : — 

dQ)g) -j- q di\ 

- qdi^ 

f pdq=pq— f qdp (1); 

or by using differential coefficients 



111 the following examples we shall sometimes use (1) and 
sometimes (2). 

When integrals are of the form of / (a + bx"') v 

they can be rationalized by assuming a ’i- h x"* = when 

— or — H- ~ is an integer. If ~ be a fraction assume a + bx"* 
n n q ® n 


= 0?” z^. 
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EXAMPLES ON THE 


CHAPTER III. 


(1.) J' xdxs/ a-f-^= fdx(a-\-x^a)\/a-\riX) 
=z J* dx {a xj a J' d x ^ a -j- x 


2 / J 2 a . J 

= 5 ~ • 


(9)-^ = —-. I 

\/ X + a + \/ X 


s/ X + a — a 


2 / . J 2 -3 


^ i) (J - ») 


= (6 — «)" + (a — J)(6— «)"> 


* w = — n (a — ^) (6 ^ a?) »» 

m -f 271 wi -f- n) 


siS 
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(4.) ^ = (oj^ -f «) + 4a 

= (‘®’^ H- 4a — 8a) \/ -j- 4a 

s 

= (x^ + 4a)'* — 3a v x‘^ 4- 4a. 

To integrate (x"^ -f 4a) (integrating by parts). 
Let jp = (ai^ + 4af ^ = 1 


^ = 8 * («■* + 46 )^ 
ax 


gr = a;, 


•.y + 4a)^= + 4a)* — 3 J'x^dx (jxP^ + 4 a)^ 

=;r (a?^ + 4 a)^ — 8 Jdx(x^ -f 4a)^- -b 1 a a; (a?' -f 4 a) y 
Jdx{x^ -h 4a)^= j {py 4- 4a)^ 4- ^dx(aP 4- 4a)^, 


u = j(a;- 4- 4a) . 


i . 

^ d X x\/ X a 

dll du dx 


Let a 4- a? = 
1 


= ~ 


c/ ; 2 ; dx d z {z* — a)z 

= _L 

\/a\z—\/a z p- y/a} 

I - 5? — \/ a 1, — a 

n= -^log ^=: -—log 

\/a z -\- \/ a a \z + ^ a) 
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EXAMPLES ON THE 




\/ a -i- a -h \/ a 


a H- do:* 

^ da; X 


Let a 4- dx'^ = 


^ _ / ig^— a \i ;^_JL 

6? dxi dx lA z ^ z 

'dl~~ dx' dz ~(irr^ ‘ (^ - o)ii 


^ ^ ^ ses — J 1 sJ- . ■ L 

3 ( 5 ?^ — a) 3 t ^ ; 2 ^ — a J 



y/ ^ /_JL_ 

^ ^ ^ \/ a 




2 

3 



log 


^ 4 - \/a 
z ^ a 


3 



^ 4 - \/g 
\/ ; 2 ^— a 


\/a 4 - has^ 

8 


2 \/a - s/ cb -\- hx' ’\- \/ a 

“'"® 7S5 


2 \/ a 4“ hx^ 2 \/ a k/ h 4- ax''^ 4- yj 


ax~ 


v /6 
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du 

0-) T^~ 


1+a^ 


1 


dx (1 _*’) ^/l + «* /I 






{;-*) '\/(i-*)’+“ 


s/ s {\/»’.+ 2+\/*} 
=^..og{y£T|+^} 


^ ’ \/ 2 a? + \/ 1 -f a?'* 


= ~ 7 :rlog 

\/ 2 1 — a?'*^ 


<ia? p ax 

J y/ X^ ’{• X I J \/(« + 4)^ + I 

= {\/(^ + i)"* + f 


dfa? 


( 9 - 


= log{2\/a;^ + a? + 1 + 2a; + 1} + C. 
. <ia? n dx 

V v/i ^ yi :r(;c _ 


4 - 
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EXAMPLES ON THE 


X — 


= sm" 


2 


2 . 1 
- = sin ^ 

V 5 


w/ (i+,Vr^ L«.i -«=*’, 

a? = 1 — = — %zdz 
1 -|- ic “ 2 
d X 


fi 


(1 + *) v/l 


;c ^ 


ci 

2 ^^ 


^ p dz ^ p dz ) 

2 v/ a [JViT^ V ✓a-* j 


1 , ^'2 — z 1 , 2 +»*— 2 ^/ 2 « 

_ JL , 3-a!-2.v/2v/l -x 

~ ^2 ^ 1 +* 


<”)/r 




= -/: 


s/ \ X a^' 

d z 


r . 1 ^ 

JUet X := - aa: = ir 

z z^ 


dz 


V^l + S \/ (» + i)* + i 

= — log (v/ 1 + » + «' + « + 2 } 


= -Iog{^ 


4- ic + + 2 + ^ 


) 


X 
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= log 


2 1 + 0 ? -f 2 -f ^ 


- a? (2 4* ^ — 2\/ 1 4- a? 4- 
^^4 4- 4 a: 4- a?" — 4 — 4 a? — 4 a?‘^ 

2 + a? — 2 \/l 4- a? 4- a?^ 

= log 




d X 


^ ^ — a?^ ^ — (a?'^)^ 


w = "- sin~^ 


(13.) 


d u 

d X 


1 

V(1 — a?) (a? 4- 2) 


1 

\/ 2 — a? — a?^ 


2 

V'g — (2a? 4 l/ 


w = sin~* 


2a? 4- 1 
3 


(14.) 


du a? 

dx~ V (*» _ a") - X-) 


*/ ar — «■■* V — («■ — «“) 

.-. M = sin-* A / flzLf!!. 


( 16 .) 


du 

d,v 


1 

a? Va?^ — ^ 
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EXAMPLES ON THE 


Let X = 


z dz 


du du dx ^ 

dz dx dz V J — — 1 


/i /I 2 ox ’ 

a- . - A / 1 — - r ; — (1 — 
a V O '' 


,•. 11 '=.— 6in-‘ 
ab 


1 


1 ^ ^ ^ 

-y sm~' -A/ y: :^* 

ab a; V — a" 


» du 1 

( 16 .) ^ = ^ 7 = 

( 1 + a;)>/l — 


(1 + «) v^a (I + *) - (1 + *7 
(1 + - 
v / 2(1 + a :)-'— l ’ 

.•. U = — \/ 2(1 + a!)~' — 1 

= V ^^=- a /^' 

iT a ? (1 + a ?’)-® 

= (1 + a;*)\/ 2 (1 + x‘) - (1 +"7? ~v/2(J +*7^’ 

.-. « = - |x/2(i + ^r*-i = - 
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_ (^ + \/^ +^)* 

Tx - ynrp 

=(7^^ + 1) (^ + 7rT^“ . 

,*, u =X — (iU 4- \/ 1 -f- /P®)** • 
m 

( 1 ».) ; : 

(1 + 0?) \/l + ip — 

Let 1 -f aP tsz {z — 1)^, 

ffic 1 I • 

dz dx dz z \/ z ^ {z — 1)^ 1 

j I dz 1 

V dv V'' 

du du dz 1 

dv dz dv \/Sv — I •— P'* 


v^a-«y 


3 

2 ^ . _j3-2p 

u = — sin~‘ —7= — = — sin — 7=- 

\/5 n/6 


8;P — 2 . -.1 8ar 4* 1 

= •— sin~* — 7 = — = — Bin — 7 = , 

^ bz v' b{x 4- 1) 

/ 3fl? -f 1 \ 

' VaVl 4-a)_a:V’ 
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EXAMPLES ON THE 


[X -f* 5) X Qt 


Let 4- a = 5?- — == 2^^, 

dz 

du du dx 1 ^ 2 

^'^'dx"^^ {z^-a-i- b)z ‘ "" + 6 - a* 


.-. tt = — === tan-» —== = 
vfc — a h — a 


(21.) ^ 

(« + i) (* + «)’ 


-1 . /x + a 

■V 6 - «■ 


:_J_|_J L-1 --J— 

cb — ^ 4 “ ^ X d) X 4 * ^ 


a — b (x4-^)v^x4-a ^ — b (a? 4- 


(i - ay 


- — =L= 

^ h — a a — h s/ X + a 


du 1 ;; x — u 

( 22 .) — = — a^ = :; " 7 ^== 

' dx X ^ K/ x'‘ — 


1 


V aP' — cP x^ 3p — cP 


.*. u ^ x^ — cP — a sec * ^ 
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To integrate 


du a* it 






dx x^s/ 

1 


s/a^ d: ^ 


1 


T . 1 dx 

Let ic = -» — = 

z dz 

du dx du \ z'^ z 

dz^ dz ' dx \/aV- db 1* 

• U Z=L ^ =t 1 


. Z' v' d: •Za* d- ^ , / . /"i r\ 

X X 

s/ , I , X^ (Z 

or, sin-^ accordingly as 

X 0» 

we use a’ -f or a* — x^, 

(.4.) 


dx \/ a* 4- a?’ — n/ a* — x^ 


4- 4- — a?- 


1 a/ 4- 1 V a‘^ — 


2 

By last example, 


+ o 


2 x^ 




•/a^ 4- V + 4- ^ 

%x 

+ 3 log (* + >/«® + «*) - g 
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EXAMPLES ON THE 




a w 

+ 


n/ — a?'^ ^ a* 


X / ■ ■ ■■■ - 

.*. u z=z a sin~* v/ a* — a?*. 

a 

( 20 .) = = ° . 

dx a; V a; — a — a"* 


.*. u = log (a? -f a:* — «*) + sec-* — 


( 27 .) ^ 4 -- -^ 

' dx ^ a—a? Va'i — «* Va’ — «?* 


To integrate 


a?' 


V a* — 


/) = a? 


t/p 


dq 

^ ~ Va* _aJ’ 


I = > ,= -v/=^ 


... ,t =l= — X ^ - 0? -{■ T \'a‘-x‘clx 

= - 4 . . . 

vo^— ay^ ^ *d ^ 
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p xdx p x*dx 

\ u^af " ■■: 

J sf j V x^ 


(28.) 




\/l — 2ac;B + a^c^\/l — 2ac ^^r-j-a^c - 


d X <8 

Let 1 — Sac^ + a^c® = T" 

a;8 ac 


^ac^^x = 


1 — 2ac ^x -f a®c ® = 


— (1 -|- a®c®) 


c- -f a® -f — 1 — o®c^ 


Jw cftt 
dz"^ dx * dx 


ae X \/z* — (I — a*'^ — c* + a®c®) 

1 


G — (I — a® — C® -f a®C') 

-u = — - log {;8 + \/;:^‘‘ — (1 — a- — c® H- a®c®)} 

(t 

= - log{\/ 1 — ^iacx + a®c® + \/a® — ^acx + c®} 




dx (1 _ y/i + x'*" 


Let X = - 
z 


du 1 z 

'dz^~~? - 1) 


Let !+«'* = V-, - 1 = - 2, 


dz 

dv 


V 


— i 
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EXAMPLES ON THE 


du du dz sj — 1 V 1 

dv dz* dv (v* — 2) V * — I ^ 


du 1 r 1 I -1 

2 \/2 U + v/2 V — v/2) 


= ■ ,„6 l±jA= -i_ ,.g (l+J^ 

2 ® — \/2 2 v /2 »* — 2 

1 , v/r+^ + \/2 

“71°* 

1 \/ 1 + a s‘ + v/2a; 


(30.) J!^= 

’ dx (1 + »-)\/l — 


Let X ■ 


{1 + 

dz V 

Let^-l=^-^ l+^ = r^ + 2, - = 
du du dz \/ v‘ + 1 — ^ 

1 . » 1 . _,n/^^ 

M — _ tan ' — -pi 7 = tan y= 

2 v/ a V 2 V'^ 

1 ^ , -s/ l — 

;r:tan“’ 7 =~’ 
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. p dx 1 dz 

.) / 7 ====:. Let ^ aa; = 


-/: 




dz 


p az 

1 


-V 

2/ 


5; — 


— sin"' 


sin” 


2 

2 — a; 

dx 


2 . 2;2? — 1 
- =z= — sin”*^ 


= sin~' 


\ r 


V5 

a? — 2 
/s/5^ 

Let 1 + ^ = 


1 


« = ^ 1, C?^=: — ^ 

;5' 


2 1 

1 -f-ar^ = 2 — — { — 
z 


p dx p 

*/(l+a;)^/l+ar' /g _ 2 1 

"V ;2^ 




p dz 
j \/^Z^ A 


2.3: + 1 


yj- 


dz 


V(*-5)’ + i 


= -:^'°8{a/*’-* + 5 + ‘-5} 

1 — a; \ 

(1 + as)} 




\/l +a;-^ 


VS"® I VS (1 + ») "^ S (1 + «)3 



60 


EXAJtfPLES ON THE 




Va^v/l + 4- 1 — •») 

8 (1 + a;) ] 


= 1 1 ,- 2(1 + a;) 

V2 °®l-a!+ v'a^r+l^' 

_ J_ i„_ g (1 + a>) {1 - a; - V8 ^/^T^} 

^ 1 — — 2 — 2^- 

1 , (2 (1 — a; — v'Q v^l 4- ar'^)) 

“72 °®{ -( 14 - a!) /■ 

(33.) /I . Let 1 - a^ = a)-*" 


+ I 


1 -4- = 


^ ^ sr 

1 


2 log ^ = — log (^* + 1 ), 

zdz 

~ — “*“^2 ^ 1 

dx n dz ^ + 1 n dz 

(1 + -j- 1 ^ 5?" -f 2 ~ J ^ z* 

- J_ cot-» — - — cct-^ n/i - ^ 

“ */2 ^ ^ VSa; 


Let 6 = cot 


*-i \/i - 

= cot-' 


v/ 1 — 

^/Slx 


\/ 1 -h cot^ 9 


-v/i 

\/2x 
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cosO 





due 


(1 + n/1 - a>‘ 




dx 

— v^(l + 


Let 1 sxp' ■=:, (xp^ aP" 



alogiZ? = — log(^- ■— 1 ) 

dx dz 

xz sr 


dx P dz z^ — 1 P dz 

(1 — x‘)xz ~ J s- — P z‘ — 2 J s’‘ — : 

= -rP±^ X 


log 


z + «/2 


log 


\/ 1 + x‘ + s/2a: 


SV2 2^2 ViW- 


8 1 4" ^ 


(“■I fa 


dx 


— log \/ l +^+N/ 2 ;g 

\/ 1 

1 


,, ^ / -=. Let l-^x=z~ 

(I -i- a)y/l^x---x^ ^ 


- 1 


, dz 


1— «— fl^=i — — + i_i- + 2._i — — ^ 

» »* « a 
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EJCAMPLES ON THE 


. fl rf* p 

J (\ + x) X — X — J ^ - \ /\ 4- i — i 

'A' 


= _r 

^ \/ 4 “ ^ 1 ^ 


dz 


V(*+D’- 


n 


= ~l 0 g^y^Z=‘ + Z - 1 + « + |j 

, Cs/l -X-X^ 1 . 11 

= _iog|v___^.r:_ + _| 


log I 


= log 


2 1 ;l? •— iC 3 

2 (1 + ar) 

a (1 + ^) 1 

2 1 — X — ar® + * 4- 3 / 


} 


^ log |i(L± ®H^_+ 'I) — 2 \/ 1 — a; — a!^) 1 


ir^-f-Ca;-f9 — 4 4-4a:-{- 4ii?^ 


, 2 (l 4 -i 2 r)(;j? 4-3 — 2 n/i — ic — a?") 

- og 5 (I -f- 


, ^4"^ — 2*/l — a? — 

rr^ + '• 


( 96 ) 


y "* dx _ r.__die 

v'i + 2 a!- 5 » J 


|0 l'^ 
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dx 1 , d z 

J (a + h^r Let^=-, dx^—j 


= -/- 


dz 




=-/ 


zdz 


(az^-^b)i 


^ (^aa^ b)h a (a b x"^)^ 

xdx 


y'‘' 7 fe =-Wra +f^T::r^ 

/ * dx 

7=== 
V 1 — X* 

>/] — X 


a^dx 

dx 


= 

y Vl — a;^ S 


X 1 — X® 


+ g sin-'x. 


.,J'^dx/s/\^^=-V 
_ ? v/l +1 6i“~' 


1 — X* 


= i sin-* x-(2 +x) 

3 2 
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E3CAMPLES ON THE 


X J X dx T . 1 


2 2 —X 1 

Z=^z^^dx^-xz ^ dz, ^ x^z^^ 


^xdx _2 ^ =-RiTl->- 

Va'*— ">/«■* — ® a^ 



Let ;i? -f ^ = -♦ i?? 

z 


d z 




z d z 

(1 -a^z’^f 
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^ 1 — 


A/ {x -f a)^ 


+ a 


a^s/ ^ax -f 


<“■) /j 


dx 


; — ======. Let 0? = - 0^0? = —.^ 


= _/: = - /: 

^ 2 Ji a \ V 

V 


? fZ ;2; 


\/2 a ^ — 1 


s=; « 1 ;;;\/ 2 a 1 

a 

+ *s/2az— 

-1 . «?« 


p 2 07C?;5? 

_i r d» 

= — -^N/2ao7-l 
a 

J s/2 a;2?— 1 

\/2az~-l 

p dx 

1 

_ ^ n/ 2 a 07*“ 1 

1 

J 2 a a;— o:'^ 

3 a 

Q^i-y^iaz—l. 

3a Vo;^ 

1 \ 


) \/2ao7 - 

ao7/ 

- a?*^. 


'0?^ rfa? 


(43.) + /: — 

J \ J a? 

n x^ dx p ^ x^ dx 

k) sJ \ — x^ J n/ 1 — ac^ 



— ““■^n /1 — + / 07 n /1 — (/a? 

^ 07 </o7 p x^dx 

^ %J \/ 1 — 07^ J s/\ — 07 


^ n 
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EXAMPLES ON THE 


... /* _ 1 r d{-x‘) 

J — x*~ 4 —x‘f' 


d (-*’) 


— — -J a/ 1 — »’ + j cos“' (— »*), 

- -cos-' (-»’). 


Lets = jco8-‘ (-*’) 
COS 4 ^ 


tan a fl = A /ln££ii_® = . /l±£ 
V 1 4- cos 4 6 “v 1 — a?’ 


(48.) /"ii ./SEZ?. 

^ J a: ^2 _ ^ a’ — .-1?^ 


a* — ;??* 3^2 = a* — c* 

_ (1 — y°) 


a;* = 


c^ — r 


2 : 


.{: 


^y(g'' — y’) + —f) 

(c’ — y)* 


'] <^y 
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(c’-sff 

d X a* 2/ (1 — c^) dy 


y{\-c^')dy 


X - (C^ - yj • a* (1 ^ 2^V) _ y) _ yy 

pdx / a^ — a? ^2/’(l — c^)dy 

' X d^ — “ ^(1 — y*) (c* — y’) 

— c n \ c n 1 

““ 1 + y 1 — y c y’^'^J c — , 

= llogl^ + ^log 

8 *^1+5^ ^2 ®c-y 

x’ + l 


(44.) 


/p 




1 \/l — a X* 


/ I + x- ^ 


dx 


^ — a x” 


= r 

J (x — X ^ 


d (x -- x~'^) 


(^ — a;”‘) V (x~'^ — xy — (^a •— 2) 

1 , a?"* — 1 


a — 2 


sec" 


x~" — X 


ya-2 


Va — 2 


sec 


scs/ a— 2 


n/ a — 2 


cos 


-1 ac v^ a— 2 
a?’ — I 


D 8 
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EXAMPLES ON THE 


FORMUUE OF REDUCTION. 


d» 

v/2 ax 

y <» x'^dx ^ {a^x) dx ^ ^ ^ x'*^' dx 

\/ % ax-~- x^ J sj ^ ax ’■— J sj ^ax 


Making/) = x"'-\ d q =-^^==~=, 

V 2 ax --x^ 

and .*. dp = (n — 1) x""^^ dx, q ^ ax —x^^ 


{a — x) 


we have fpdq = pq^ fq dp, ^ 

^ Jy/2ax^x^ 

= 2 aa? — — (n — 1) 2 ax -- x^dx 

= a;"-* n/ 2 aa; — a?" — (n— 1) • 2 a ••— 

^ s/2 ax ^ x^ 

X r dx 

+ (n - 1) / -" 7 =====. 

^ V 2 a a? — a?^ 

Substituting this value in the original expression, we have 

x'' d X 

Vs « ^ 

+ 2a.(rt— 1) / ■ ■ , -^- 

-/>/2 Js/'iax-x^ 

■ rai'-'dx 
+ « / ;- 

•J \/ 'iax—x^ 
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of" dx 


... 

\ J J \/ ^ ax — aP" 

r* dx 

J \/ SI ax 

r dx ^ a a; — 

' J \/si ax — aP n 


= — y / 2 a X — X- 


a {SI n — 1 ) P x* ^ d X 
n •J ^ SI a X — 


x'' dx 


r- 

J Vs ax X* 

n x^ dx n 

J a X aP J 


j (a -f a?) </ a? 




dx 


' 

V 2 a a?-fa?’ «/ V' 2 a a? -f a?‘^ 


^ Xhis becomes, if /? = 

^ n/ 2 c a? H- a? - 

(a + a;) ^fa? 

.•.? = \/2aa;+a?Syx^fgf=i93-y 

(a + ^) / 


{fi — 1 ) y" a?’*“®v^ 2 a a? 4“ ^ = a?” 2 a a? + a:^ 


^SL . a {n — 1 ) / — 7 n=z= — — 1 ) / - 71 : 

^ \/2 aa; 4 - a;^ 


a^ ci? a? 


v/ 2 aa; 4 - 


\/ 2 aa; 4 -a?' 



60 


EXAMPLES ON THE 


Substituting this in the original expression, 

arda yr :: . . . . Z’ da 


r ^ - = ;«—» v/2aa: + «*— 2a(n-l) . 

\ r r 

— (« — l)y 


lax-\-x^ 


x"*^^ \/^^ax a(2n — 1) ^ X* 

•/ \/ Jiao? 4 - 


n w 

dx 


h 


sj 2 aa? — 


c?a; (a — a?) 
\J%ax — x^ ^ x"^ \J ^ax~^a? 

dx 


p dx p 

' J^ax--x^ J x^ 


af- 
J a?" 


sj ^ax'—a^ 


(a.) 


Now, making = -\ and dg^ = 

^ \/ Uax — x^ 


r- 


and .*. dp ^ dx, q == \/ ^ax — x^, 

sj ^ax — a^ .dx 


there results 

{a — x) dx s/h ax — x^ 


af'\/^ax-‘a^ ^ 


”/■ 




\/ Slax — a?" 


+ 2 




dx 




P dx 
^ \/ U,ax~^x^ 
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Substituting this in the equation (a) we obtain 
r* ^ n dx 

J ^ V ^o>x — x"^ J x'**>/ ^ax — x^ 

dx /• dx 

.. ■ -f- Cb /— 

W 2ax 0 ^ J x^^ 


+ n 

a (2n — ]) P— 

c/ 


">/ ^ax ~ 


dx 


V2 


ax — x^ 


V ^ax — a?- 
dx 


or 




J 


_V^ 2 oic — 


\/^ax — x^ a(27i — l)x^ 

n — 1 ^ dx 

a{2n — 1)*/ — x- 

dx 


J x^*J 2ax-t- x**’ 

dx p {a x)dx p 

j.»-‘ ^ 2 a X -f- ^ x’*N/2ax 4- X* c/x^V 


dx 


'*V^ax4-x* 


™/j 


If 2? = x*"” and = X ? - 

>/ 2 ax 4 - X" 

(a 4- x) Jx n/ 2 ax 4- x^ 


We have / T ^ Pz^^ 

??’*N/2ax4-a?^ x’* +w/ X'* 


n/ 2ax4-x- dx 


N/ 2 ax 4 -x^ 


X 

4- n 


4- 2an 


•/i 


dx 


x^V 2ax4-x‘^’ 


c/x"-** 


dx 


*n/ 2ax 4- x*^’ 

and by substitution in the first expression there results : 
/'* dx *d 2 a X 4 * x* 
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EXAMPLES ON THE 


4- (2an — a) / — 


da> 


nr— 


dm 


' n/ 2aa;-f «/ ^ 

(1 — n) p dm n/ 2aa?4-a?^ 

a(2n— T) J x^a{2n-l) 


= r 

J 


dm 


^2 ax V ^ 


f We have 7-:,— 

^ (a^ -f (a + 

1 a' 1 ( a- -f ) 

^ ' (o^T*^ ^ l(a" + 0?’)” “ (a®T^J 


1 a:* 


a^ (a^ + x^y~^ d^ (a^ -f ir^)'‘* 

/ dm 1 p dx 1 d x 

{oT -V xy^ J (a^ 4 - d^J d^ + * 


if /) = a; and d ^ 


xd X 


(a® + a:*)” 
x^dx 


/ ^ x*dx — X 

(a* 4 - x^f ~ (2n — 2) (a" + 

1 z' <faj 

^n — %J (a* + «")“* ’ 
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’ {d^ + (2n ^ 2) (a* + x‘^y~'^ 

1 ^ dx • ^ 

. (2n ^ 2) ^ (a^ -j- a^ J (d 


. (2n ^ 2) c/ (a® -j- «/ (a* -f 

_ 1 X Qn — 3 ^ 

(2w — Ji) (2/1 — 2)^ (a*^ H- 

Also for T t ' fZi\n = Z' We have, 

J {a^ + ^y J 

if|) = ic”‘“■^ «?(/ = a?(a^ + 

iP'" < 3 ?; 2 : 

J xy 

1 ^ m — 1 a?”*”"- c/a 7 

”” 2 — 2n (a^ -f- x^y^^ w — 2 J {d^ -f 

n 

= (a^ — gp^y dx 

» M — a n — a 

(a^ — • ;p^)^ = d^ (a^ — a;*) * — a?' (a^ — ar) ’ ; 

.*. u = ^ •" ip’) * a? — ■ , xfjr ’-* a7^)~ c£ a? 

= .-yf.* _ .■)■-?-■ rf. ; £(2Lif:)’'_ 5 ; 


.*. U = 


a? (jd ~~ a?®)^ J ?i d 

n -I- 1 
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EXAMPLES ON THE 


/ 


x"" dx 




\/^ax — 

/2n — l\ ^ dx 

^ ' J \/%ax 


»— 1 

/ 

n 

dx 

y/^ax • 


f- 


If we make n = 2 this expression becomes 

^ x\/^ax — x^ 3 a P xdx 

y/ 2 ax — xP- 2 


p' 3 a/* 


v /3 


aoj — a;‘ 


Also r = — \/2a« — -f a ver sin ^ f - 
J V^ 2 aa;~a?‘^ 

ar^dx XY/2ax — x^ a /— 




y/ 2ax — 


fax 


+ 


3 a 2 

— ver Bin~ 



= — ^5 2 ax — x’ + ver sin" 

2 2 





dx 


(a^ + xT 



X 

a* (a‘" + x‘0""‘ 


+ 


2?i — 3 1 r dx 

2n — 2 * a* c/ (a* + X'/~^ 

lfn = 4wehave^l5^,= 

1 X 6 /• dx 

6a" ‘ (a* 4- x®)’ + x’)^’ 
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dx I X 3 

(a* + »“)■'> “ ■ (a* + a»7 "*■ Ta^ 

dx I 


n dx 


Also, 


’./S 


^ 1 ^ 4 - *^1 ^ 

>* + x^f ~ a (a* + x^) a a 


.*. the required integral is 


X 5 

4- 


6a^ * (d^ 4- 6 . 4a^ (a* 4- 

■^6.4.2a« • 6 . 4. 2 ‘ U/ 

y ' dx 

a?’* (1 + 


The formula of reduction is 

_ 1 (a;'»+ 1)^ n-a 


(n — 1) of* 


\ J ;p»~2 




(1 + *“)*■ 


If n = 6, we have 


/ 




a:® (1 -f 


1 («’ + l)i 4 


/ dx 
a?* (1 + a?^)^ 


</a; 1 (a?^4*l)i 2 


/ a a; 1 

a:* (1 -f x^)^ ^ 


3 ' 


-- r 

3./ , 


dx 


x^ {x^ -|- 1)4’ 


y- 

kJ X 


dx 


+ 1 )‘ 
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E3CAMPLE8 ON THE 


And by reduction this becomes 
dx 


f— 

J af' fa;* 


1 (l+x'-)i ^ ^ (1^ 


*“(«’ + 1)i 6 ar' ^3.5 

4 . a (1 + ;r®)i 
5 . 3 ' X * 

y '' dx 

^\/W^ 

The formula of reduction is 

dx 1 («5— l)i n-2 


^ ria; 1 (o^ — l)t n-2 ^ rfr 

^a;" (it’ — 1)4 — 1 ' n — 


'(a;’ - 1)4 
If n = 6, this becomes 
dx 


dx 


_ 1 . - 1)^ i rj±_ 

1)4 ““ 5 * 


dx 


dx 


also/'- 4 .g /l_i 

r dx ^ {x^- — 1)4 
— 1)4 ^ 

Therefore, we have the required integral 
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CHAPTER IV. 


0 ) (log ^ = ^ 


^ = 2 log* . i, 5 = ^ 
dx ^ X S 


x"^ (log xY 3 


x^dx log X 


'•\J' ^dxloz^ 


pzzzlQgX -^=:za^ 

^ ^ dx 

dp 1 or 

[dx X ^ 8 


3 3%/ ^ ^ 

*’(log*)* 2*’ log* , 2*’ 

•■• “ — 8 9 '*’27 

= ^{(log^/-nlog* + §}- 




fi>=(iog^ri cij=*’d* 


dj, = _ i(iog*r^ ^ 


3=- 


= ^(log *)-'* + ^ f a^dx (log *) ^ 
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EXAMPLES ON THE 


Similarly integrating by parts, 

J'x^dx (log*)-J = 

y^’rfa> (log *)“"t = ^(log*)"^ + -^-^Jlc^dx 
J'x'dx(\oi *)“• = ~ (log ar)^ + ^Jl>^dx (log*)-?, 


u = 


4 log X 


1 f__£l_ , 3 / <»' , 5 ^ X* \7 

'4(loffa!)’ ® W flog a:)^ 8 4(loga;)/3’ 


u = 


4v/l 


4 (log a:) 

r 1 

^loga; ( *^8 log x 


(log a:)^ 8 4(loga;)/3’ 


3 3.5 „ -J 

+ /Q i.- r\3 + &o- J- 


log X (8 log x)‘-‘ (8 log x)' 

dx 

- /• x^dx p - X 

^ (log a;)-* ~J (log xY 


p =: dq = 


dp = hx^dx g = — . 


d X 

X 

(log xy 
1 


^H^ogxy 


a?' 6 ^ x'dx 

Q, (loga?)*'® 2^/ (log x)'^ 
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In like manner, 
dx 


/ ardx __ X* p x^dx 

2 (log xY “ lagx^ ^ J lo^’ 


/. n = — 


2 (log xY 2 log « * 2 

dq 


tix’^ 25 Poc^dx 
“ y log X 


(4.) p »» x' 


dxi 


p = x^ 


dp = Qx’^dx 


dx 


= 




^=r 


x^ a' 




^ 

A A 




dx 


/ a* x^ dx = I X dx 

A A 

/ * a; 1 /* , ^ 

a* X dxr=z I a* dx:=z 

A A J A 


a* 

A^’ 


x'dx — - 

3 

— — * 

fa^ x^ 

2 

A 


1 A 

'a 

fx^ 

= < — 

Ia 

Bar- 
"" A^ 

6a: 

+ 1^ 

6 

A^ 


/• 


(5.) (loga?)'^ dx p = (loga?)^ dq = x'^dx 


dp ^ ^ (log xj 


dx 




x'^ (log Ja? = -^ (log xy — (log x^ dx 

imilarly,^y^ (log x^ dx= ^ (log x'f — j J^x^ \ogxdx 



TO 


examples on the. 


' dx 

:dx 


J x' dx log a) = log » - 

= -^log^-j6*. 

... r 1? (loga!)*d«> == 

1 3.2 

^ I (log xy- I Gog *)* + -jr ^og ® 4" J ■ 

( 6 .) ^e^x^dx^e^x* — 

x^ dx = e’ x' — ^ J'e’’ X- 1 

!"(;> X dx — e* x^ J' e'xi 

J'^xdx =e^x~J'e’dx==&‘x-^, 

= «"(«" -■4^+ 12<r*- 24* + 24). 

( 7 .) J'e-’x^dx =- + ^J' 

e-’a?dx =— 

J'e~*xdx = -er=‘x +y'c-*rfx 
. J' e-’af^dx^— «"*(*’ + 3 «’' + 6 « + 6 )- 
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xdx 

v/ i + *■ 


iq X 

p^logx -^ = 


logic 


djp_\ 

dx X 


dx v/l + 

5 ' = v / 1 + x‘ 


= \/l + <b“ log;c — 


\/ 1 + a^dx 


xdx 


j P dx n xi 

= s/i + -y^TTf^ “y7r+ x' 

^ , III.. 

= v/ 1 + «■ 1 + v/rr^' — V 1 + 

= v/l +*Mlog*-l) - ^ ^ 

= 108 (7 ) - '»8 1 ^ Ji +-■ • 

(9.)_/> * =y'«' 


r , r* — 1 , (a! 4 - 1 ) — (^ - 1) 1 

= 7 '^ (*+ 1 )* / 
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EXAMPLES ON THE 


(,o.) 

J (1 — a?) */l — a?* J (1 — a:)Vl— a;* 

L < 

J wi— ^ (1 — a;) n /1 — a?v 

= f^dxS'f^, + (>-^^ + 0 i 

J 1\/ 1— .^c (1— .aj)2 -2N/l4-a:' 

/* f\/TT^ , / n/i 4 - a?\' 


/ x^ dx __ X \ f* dx 

(«'- l)’ 2 («'-l)* ~xj{e^-\f 


1 p dx 1 p dx 

Je’-\ + %J<^e‘ - I)'* 




ar 1 re^dx I rd" dx 1 P e* dx 

^J ~e^ '^Je’ - 1 ■'' idie- - 1 )* 

« 1 11 
2(e*_lf'^2 aiTITl 


1 , 1 f,,*V 

2^°^c*-l 2(e*-l)(^ ■^^-IJ 
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( 12 .) /)-a' 5 ^-^’ 


Similarlj, 


^=Aa* ? = 

a* A pa* dx 

•■• “ 3J« + 37 “■ 


/ a^ a* ^ A /'a* d x 

x^ 

/ a* dx a* pa*dx 

IT— — — — + A / > 

x-" X J X 

a* A C a' A/ . /»a'(Zx\"| 


A® ra^ dx 


f 1 A A^ 1 A® z’ 

~ + 373^1 + ^37 


/ , rt X —J 

(13.) =-J^ p = x ^ 

ax w X 


! 7 =^ 


rtr 1 /• , 

.*. u = ^ -I f X ^a* dx, 

Ax^ 2A^ 

jp '^a^dxzsz — - -j / X *a*i 

Aafi 2A^7 

Z' dx== 4* — Z' ^ 

y Aa;^ 2 Ac/ 


/ * —3 o 

X dx=i — r H 

AarJ 2A 
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EXAMPLES ON THE 


a' I 

/. u = 7 + 




3/^ 6a' \] 

Aai 2 a V Aa^ -A a a;J / | 

, , 1 . 3 . 3.51 

Av^iJ + 2aA + (a*Af + (2arA)» "J- 

Another result may be obtained by the following method. 


dt( a ' 


jf d q » 

> = z=z X a 


X 


d X 


= A 5 = 2 .ri» 


n = 2 — 2 A ^ 

Also, J a'^ac/a*= ?a"’ar? ^ A ^ 

a* xi d a= — - A ^ a* d x, 

%^iiifl dx=i ^ ^ A J^a* a^dx, 

i [2^2/25 

.•. n = 2 a-' — 2 A j - a^ x^ - A (j sfl 

^ ^ ^ 0 \] 

^L. (2^ A)* 

■’^“‘Av'il ^ 3 3.5 3.5.7 
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d H C 

(14.) s= 05^ |l+na? logic 

nr 

= a:** + )ix"‘+’ log « + — a;“+* flog + &c., 

^.»n+l p 

w = + n / 

w -f- I J 

71" Z' 

+ j— ^ / «"“*■’ (loga:)= dx + &c. 

But y a?"'(log;c)"4?ir=:— ^ I (log (loga:)"-^ 


n(n-l) (n-2) ... S . 1 | 


(wi+ 1)"+* 
. + a 


J’ 


(log,- 

a:”‘+’(loga!)“rfa:= f (log*)" 

w + 8 ^ 


y' *-+’ ([ogxfdx = ;^-^ { (log Xf - (log Xf 

(ni -f- 4)'* (m + 4)y 

Arranging the terms according to the powers of log x. 
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EXAHPI4ES ON TB£ 


+ B log* } &c.} 
i»i + 2 (»» + 3) (to + 4)* 3 




^ + 3 ^ ^ + 4 . 

S + &c. S 

w 4 - 3 (m -f 4)* j 


If ar = 0 all the terms vanish. 

If a? = as^* . aS^ dx becomes 

1 n . 

!■■ mmmm ■. i « . ■» 1 ■ ■■ mmrnm - "4- (feC* 

TO "I" l (jH "I* (to 3)^ (wi "f" 4)^ 

. du log* , dq 1 

<i* “ (I +*)^ rfa:“(l+*)* 


dp 

dx^ X 




14 *^ 


___ log a? dx 

14-a? J X {I x) 

^ log a? n d X p dx 

^ 1 4- a? ^ J X ^14-0? 

= “ ir^:T + log * - log (1 + *) 
14"^ 


■ 1 + 1 


log * — log (1 + x). 
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CHAPTER V. 


( 1 .) gin 9 (1 — cos^ 

ss sind<f^— . sinOcos’flrfd 


. cos^ 0 . cos 9 (1 — sin' 6) 

= «— cos 9 H — = — cos 9 + r ’ 

o ^ 


2 . cos 9 sin’ 

- cos 1 3 — 


(2.) ^ 208^ 9 ==y^os 9 (1 — sin^ 9) dO 

==y^ 208 9 d ^-—y^os 6 sin* B dB 


. . 8in® 9 . . sin 9 ( 1 — cos* 9) 

sm 9 — = sin 9 

o o 


2 sin 9 I sin 9 cos* i 
' 3 *" 3 
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lUXAMPUSS ON THE 


cos^ B d S 

T' 

sin ^dO 
sin^ 6 


. ^dO _ / (sin^ 6 + COS' 6) 

p d6 ^cos’ t 

.co^6dd - 1 I /*sin 

cos 6 - T-TTx = — cos ^ — 7 : / — 

sin * B 2 sin® B 2J si 

/ ^dB _1 r dB 1 
sin * B 2 J sin B 2 

= 4 '“ 8 (*"s)-asm-« 

r ^ r r 

^ * c/ <50S'* ^ '^J cos^ ^ J cos" B 


dB 1 cos B 
2 sin® B 

B\ 1 cos ^ 


_ 1 

1 _ j f 

3 cos*^ B 

cos ^ 3 cos * B \ 

_ 1 

| 8 in»fi-?j. 

3 cos* S 

(5,) 

-‘a/ - dx. Let - 
V a a 




dx ^2 dzy 


.*. tan“^ A/^ ^ = 2 tan”^ 


= tan*^ , 
1 


Cfj9 = 


1 -f 




dq = 2 a^ z' d z 

? =-^. 
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... « ^ 

= tan- « _ T z] + |tan- * 


a ’ 

= ^ — tan 




(6.) — = cos® B JO = cos* B 


= cos ^ 


_ = ~ 5 cQS^ ^ sin ^ q ^ sin B, 
d 0 


J cos® BdB ^hinB cos* B ^ f cos'* B sin® B dB 
= sin ^ cos* ^ -f 5 J'coB^Odx—h J'cos^BdXy 


r r /I T ^ sin ^ cos* B 5 /• ^ y, , /» 

j cos^BdB^ g hg J cod^^BdB. 


Similarly, 


^ cos^ B dB^ j sin ^ cos^ ^ J 
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EXAiMPLES ON THE 


coa^^d ^== i sin ^ cos ^ -f - y^^= ^ sin^cos ^ -j-| 


. sin ^ cos^ ^ 5 ( I • /I q /I 

cos® OdO =z -f ^ sin B cos ^ B -f- 


sin ^ cos ^ -I- 


= sin B I* 


cos’^ B , 5 cos^ B I 5 cos ^ 5 ^ 
" 6 ~ 24 16 j To* 


d u 

(7.) — = sin^ B cos^ ^ = cos^ B— cos® B, 


But from preceding example, 

/ Anja • ^fcos^^ . 3cos^) , 3d 
cos^ d d = sm d j- + -—^ 3 

/ a A lA . ^ fcos® d 5 cos^ d 5 cos d) 5 d 

re 

. . C cos® d cos® d . cos d I d 

+ TT + irl+ro 

. . ( cos® d sin^ d cos® d cos® d cos d ) d 

= ‘"*{-- 6 -+— « + T 4 +-«-} + To 

. fsin'^coB’^ 1 , cosfl) , 6 

= sm « [ g g co8« (1 - 8m= <?) + - j^ j + ^ 


sin* d cos® d ^ sin® d cos d sin d cos d ^ d 

fi 8 16 16’ 
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(8.) = sin* d cos^ 6 = sin* fi cos 0 — sin* 0 cos 0, 


{f-- 


— COS'* 

“9 


sin’ 0 I 


cos^ 0 2] 

“~9 ^ 


. p d& ^co8’0rt^ p t 

^ J sin** 0 ~t/ sin* 0 si 

( A 

A . ^ » = cos 0 ~ 

/ CO8^0C^^J d 

Bin*0 ]^p , 

(d & — S 

/ COS* 9d$ COS 0 1 

sin* 0 4 sin* 0 4 


^ dq COS 0 
p = COS 0 = . r r 

^ dB sin* 0 

dv • r. 1 

sme 


COS* ^dS 

sin*0 


0 1 r£ 

.* 0 4 c/ sit 


cos 0 ^ p d6 

4 sin* 0 4 ^ sin^ 0* 


cos 0 

1 ^ dtf 

2»/ sin s’ 

2 sin^ 0 

cos 0 

+ ^log(tan^ 

asin’S 


/ a a COS 9 . 1 - A , tf \ 

sin* 0 2 sin* 0 2^^\ *^2/’ 

cos 0 3 COS 0 3 , / 0 \ 

■ ^ 4 sin* 0 8 sin* 0^8 \ ^ 2 ) 

= - + 8l|r-e} + 



EXAMPO:S ON THE 


('»■) f&e =/ 


p = Sin 


n dO 

cos^d J cos'*< 

dq sin d 

d^ cos® 6* 


■■■/ 


-— \j\ja V If — — r— -j 

5 COS® 0 

sin^ 1 ^d 6 

cos^6 5cos®^ 5c / cos"*^’ 


sin 6 4l ^ dB 

5 cos® 6 5c/ cos'*^ 


Similarly, 


dB sin B ^ / dB 

cos^ B 8 cos’’ B ^ ^ J cos^ B 


sin 0 2 sin 0 

8 cos’ 0 3 cos 0* 

sin B 4 f sin B 2 sin B 

5 cos® ^ 5 1 3 cos’ ^ 3 cos B 


sin B 4 f sin B 2 sin B \ 

5 cos® ^ 5 1 3 cos’ ^ 3 cos B } 

— • /_L_ 4. 4 8 ^ 

0 2 5 ^ 15 cos Bj 

, . du sin® B sin ^ (1 — 2 cos® B 4- cos* B) 

^ dB co8^ B cos®^ 


sin B ^ ^ ^ 

= — 5~r — 2 sin B 4- sin B cos® 

nrsa-^ H 


u == 4- 2 cos B 

r%na f§ 
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If, _ 2/1 cos^^) 

+ — 5-} 

If, 1 — S sin^d + sin^d) 

=;s?i*+^- — 3 — } 


L./?^ 

““ cos 6 ( 


sin'* 0 4 sin^ 0 8] 


3 ■*■ 3 


, du cos^^ , 

(’’■> 38“E^ >’ = '* ' 


dc[ cos k 

6? 6 sin® I 


^== — 3 sin ^ cos®^ q 
do 


cos^^ 3 ^cos,^Sd6 
2 sin^^ 2 ^/ sin^ 


1 

2 sin^ 0 * 


^ coQ^O 3 ^cos-6d0 3 ^cos*6dS 

2 sin^ 0 ^ J sin^ 6 2»/ sin'^ 0 


cos^ 6 y^cos^^ dO 

' ^ sin^ ^ ^ J sin'^ S 


j 3 = COS 6 


dq COS 0 

dO sin^ 6 


\ , - 

: = — Sin 0 




2 sin^^ 


■•cos^^ei^ COS ^ \ p dB 


** cos 

sin’*^ ~ 2 sin*^ 


cos^ 

2 Bin"* ^ 


L i r 

0 SlJ sin^ 
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EXAMPLES ON THE 


cos^ S 3 COS S 3 , / , 3\ 

= ‘ _ 5 log (to 1)^ 

sin’ll 2 3 2 


. . du 1 1 1 

d 0 ein^ 6 cos'* ^ cos'* 0 sin‘^ S cos 6 


sin’ 1 cos 6 

: -i- j ^ , 

cos^6 cos B cosB sin’^ 


'•=/ 


cos^^ t./ cos^ sin ^ 


dB 1 


2 ? = sin B 


dq sin B 
d B COS’* B 


=r COS B 


2 cos^ B 


/ sxrrBdB sin ^ 1 n dB 

cos*^ 2 cos’ ^ 2 cos^* 


sin B ^ C 

2 cos’ ^ 2 ^ c 


• dB 1 
cos B sin B 


1 5 1 — cos’ B 

sin ^ C 2 cos’ B 


- 1} + 1 iog{‘*" ({+!)} 


= - 1} + 5 (j + !)■ 
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du _ 1 1 1 

dO sin^ S cos^ 6 sin* B cos” B sin^ B 


1 1 1 cos® B 

cos® B sin® B sin® B sin^ B' 


^ A r rcos^BdB 

w = tan^-fa/ 

J sin® B J sin^ B 


/ BdB 
sin^ B 


p = cos B 


dq cos^ 
d B sin^ B 


B ) dji 


= — sin B 


cos B \ p dB 
3 sin*^ B ^ J sin® B" 






cos^ . >» ^ n dB 

^ ij 


cos® B sin B 5 cos B 

8 sin’* B cos B cos B 3 sin B 


1 — sin® B 3 sin® B — 5 cos® B 


3 sin * B cos B 


3 sin B cos B 


3 sin * B cos B 


1 -f- 3 sin® ^ — 5 cos® B 
3 sin B cos B 


1 4 (sin® 0 — cos® 6) 

3 sin*^ 0 cos 0 3 sin 0 cos 0 

1 8 cos® 0 — sin® 0 

3 sin* B cos 0 3 2 sin 0 cos 0 

1 8 

cot 2 0. 

3 sin* 0 cos 0 3 
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KXAMPUBB ON THE 


(15.) ^ =:tan^Q=rtan*d(l -h tan®e) — ta^®e 

d V 

— tan'^fi (1 + tan^fi) — (I + tan® 6) + 1, 
« = ^^_tan0 + e. 

O 

du _ 1 _ 1 + tan^e ^ 

tan'* 6 tan^O 

1 4- tan^ d 1 + tan^ 6 , 1 

tan"* 0 tan'^ 6 tan 9 * 

••• « = + + 

(17.) ^ = 6-’ cos 6 2? = 6^ ^ =cos6 

(t G (t u 


= 39 ^ 


q = sm ( 


w = sin 0 — 3 / sin 6 dO 


-^=2^ q cos S 

de 


sin Odd = — cos 0 + 2/ 0 cos 0 dO 


p = ff -^ = oos 

■* de 


^ = 1 

do 


q =i sin B 
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^cQ.s0dB = ^sin^ ^ sin^ 4- cos^, 

.*. u = sin ^ -f 3 ^ cos d «— 6 ^ sin ^ — 6 cos 0, 


^ ^ du x'" 


To integrate 


s^dx 
\/ 1 ~ 


p ^ X 


1 

dx 


dq X 

v/l — 

g = — \/l — «■ 






/- n dx n dx 

= ~-^>/l-;c®+ / — 7 ==--/ ~ 7 -.--.-- > 
^ v/l — iU'' v/ i — x^ 


/ xdx X /- r 1 . 1 


Next, to integrate 


ardx 
s / 1 — 

. _i dq 

n = sin ^x -j— = 

•* /7 'l* 


r sin“"* X, 




dp 


dx y/i— 

9 =— Kv/l— *'“ + 78 in~*«. 


v/l—*" 

■ ” ~ 5 (sin-’*)" — I \/l — *"sin-’* 4 i y^* 
I sin~^ Jo? 

^ c/ -y/ 1 -— 
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EXAMPLES ON THE 


= -(8m--'a?y 


\/l — 1 , . , - - 

fiin * + -j (sin'"* xY 


1 X • _i X s/l —x^ . , aP- 

- (sin '*)- y— 8m~* » H 

^ /w 4 


(19.) ^■ = 


dlL X 


(1 - x’^'f 


, dq X 

p = Slll“* X = 


(\—x‘‘)i 


dp 1 


\/ 1 --X^ (1—0?^)^ 


sin“* X p dx 

•■• ** ~ 7!^ ~J 

siu“*j; \ ( n dx n dx ^ 
- x^ 2 1 ./ 1 — X V I + x] 

sin~* X , x/ 1 ■— X 
“7 + log 


V ar^ , 


^ -1 dqx^ 1 

j» = tan * a? ^ = — — r = 1 — — _ 
dx I 1 -f 


£^|) 1 

dx 1 “f 


q :=z X tan""* a?, 


X 1 / X -.1 \ P /»tan^* a? 

.*. w = tan"** a? (a? — tan *a») — / -4- / 

^ ^ 1 4- a?' ./ 1 -f ar- 
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= ton -- tan"“^ a) — • log \/l 4- 4- — — 

= X tan-‘ X — I (tan-* x)= — log y/ 1 + x*. 


(21.) ^=e"sin=x. 


p = sin^ X 


dq 

dx 


~ = Q sin ^ cos ^ q ■=. — 
dx a 

1 , 2 

M = - sin^.r / sinjc cos a: 

a a^/ 


j) = sm a; cos ar 

dqy 
dx 


dx 


= cos- X — sin'^ X 


Q = 


= 1 — 2 sin* X , 
sin a: cos O’ (/a? 

1 1 2 /• 

= - sin a: cos X / dx ^ siirxdx, 

a aj aj 

1 . o 2 . 2 4t6 

*. u = - sm^a? 7 sin x cos x H — :r , 

a a- a'' a a- 

/ 4 \ 6«** sinx . . ^ 

•. u [ 1 H — 7 1 = 5 sin X — 2 cos x) H — , 

\ / a- ^ ^ 

sin X (a sin X — 2cosx) 2^"-*^ 




a* 4- 4 


4 


(a* 4 4) 
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EXAMPLES ON THE 


( 22 .) 


du 1 

dx (rt -j- cos xY 


Assume 


/, 


d X 


A sin X 


(a -\-b cos x)'^ a + bcosx 


+ B 


l/V 


d X 


4- b cos> 


Taking the differential coefificients 

1 A cos X (a ‘i- b cos x) + b A sin^ x 

{a + b cos xY (a b cos xY 

B (a 4- ft cos x) 

(a h cos x)'^ 

/. 1 = A cos ir (a 4 - 6 cos 4- t A sin^ a; 4- B (a 4- cos rr) 
= Aa cosa; 4- Afc cos‘'^a; + A^sin^a? 4* Ba 4- Bb cosx 
= (Aa 4- Bb) cosx 4- A^ 4- Ba, 


Equating like powers of (cos x)y 


B 


Aa 4- B/>» = 0, 

A h 4” B d = 1 

A = — 


A = B 

a 


'f 


. . B == 

h 

dr — 6 ^ * 

d X 


- b^ 


(a -k b cos x)‘^ 


sm X 


a n 

— ^2 a ^ b cos X d^ — b^ u a b cos x 

1 r — Z^sino? ^ d x 1 
a* — 5® ta 4- ^ cos x J a b cos x) 


d X 
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(23.) To integrate e" cos kx. 

Let p = cos kx dq =• dx. 


dp •=. — k sin kx dx ^ 


(1) 


cos kxdx = 


cos kx k 


+ 


k n 
- / d^^si 
aj 


dinkxdx. 


r • , , Bmkx k p j 

(2) Jd^ Sin kxdx = a / ^ kxdx. 


Multiplying equation (2) by - and substituting in equa- 


tion (1) 

/*" cos kxdx 


d^ cos kxdx = 


/ e^co^kx kd^ dmkx 

^(a cos kx k sin kx) 


or -f W 


(24.) To integrate sin kx, 

p = sin dq^e"^^dx, 

c — 

dp cos kx g = 

e'-^Biukx k 


( 1 ) ,\Je^^\nkx dxz=z 
(2) J e'^ cos kx dx 


k p 


-f- ! to^kx dx. 


cos kx k p . , , 

iiT^ Bin kxdx. 

a aJ 
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EXAMPLES ON THE 


Multiplying equation (2) by ( ^ ) and substituting in equa- 
tion (1) 


/■ 


6*“^ sin hx dx = 


sin kx ke^ cos kx 


a- 


r . , , 

— ^ ^ sm dx 

sin kxdx=- fcx + A cos 

«•* J a* 

r sin kx dx^- ^-°M«ain^x+^cosfe« ) 

J «“ + /t’ 

dB 

(25.) r — .■■■■, == f 

%J a COS'* ^ 6 sin^ ^ a 5 tan' B 



d (tan B) I — i 

+ b tan^B 




(26 ) ^ COB 6 dB ^ r ^ 

J (l—^cos^^^ / fl— e' 


cos ^ ^ 


(1—^cos^^^ f (I ^ bin^ 
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(1 8in*^+i_e» 

sin 6 

(1 — \/l — sin* 6 

sin B 

“ (l_e=)v/l - e’ cos’ & 

(27.) J' (cos 2 6^ cos ti 6 — 2 sin* cos d cZ 

Let 2 sin* 6 => dBz=z 


dx 


\/2 cos ^ 

, (1 — 3?^dx _ (1 — dx 

~V^:yT^T' 


0 /% du = 


dx 


^3?dx x^ dx 

+ • 


•s/l-x^ v/l — x’' v^l -x2 
y^/f^ ~ i ^ sin- X, 


/ ; / a;^ 3x \ 

= -v'i-.-(t+— 4 ) 


+ g sin-’ X, 


V'2 M = sin-’ x + x\/l — sin-' x 

. /a?'^ 3:1? \ 3 . , 

-v/i-^Kt + t)+8®“ * 
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EXAMPLES ON THE 


/- : /5 a: a?’ \ 8 . -i 

v2u = 


3 

+ - sin-‘ (v^2 sin 6), 


u = \/ cos ‘Z 6 — (5 — 4 + 4 cos' 6) 

(3 + 2 cos 2d) v/cos 2 6 + sin~’ ( v/2 sin 6 ). 

o o V ^ 


,380 = /" 

«-/ >/ sin^ a — sin'-’ ^ 


sin 6 d0 


\J cos~ 0 • 


n a(cos^) .■■■■ 

— / / — T-i n— — \\/ cos*^ 0 — cos“ a 4- cos^) 

^ V cos^ 0 — cos^ a ^ 

= — log (y/ sin^ a — sin^ ^ -f coA^) + C. 

If ^ = a, u = — - log (cos a) 4- C, 

sin ^ ^ ^ ^ cos a 

« v/ sin* a — sin* 6 y/ sin* a — sin* 0 + cos 0 
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CHAPTER VI. 

ON DEFINITE INTEGRALS. 


In the process of diflFerentiation all constant quantities which 
are merely added to, or subtracted from, those quantities 
which contain the variable disappear ; and, on the contrary, 
after integration, there may be a constant quantity connected 
with the integral which we have not in that operation ob- 
tained. The letter 0 is therefore added to every integral to 
represent this quantity, and in order to determine its value 
we must in the first place find what particular value of the 
variable makes the integral O ; we thus get two equations, 
both of which contain C, and between these two equations 
C may be eliminated. For instance, if we have 
= + C for the general value of the integral, and the pro- 

blem indicates that for the particular value x = a, the in- 
tegral becomes O, then O = a* -f C; by subtracting this from 
the general value of the integral we get x^ — a^, in which the 
constant C has disappeared ; this latter is called the corrected 
integral^ and is wTitten thus, 



dx’^'dx = ar' — 


In this expression the value of the integral commences when 
X = a, and if we give another value to Xy say x = by then we 
have fully determined the value of the integral, which is now 
written 



dx^h^ -- 


This is called the definite integraly and is said to be taken 
between the limits x and a? = a : the former is called the 
superior limit, and the latter the inferior limit, and the ope- 
ration is called integration between limits. 
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EXAMPLES ON THE 


In general f(w) c?a7 = $ (a?) -f- C. 


In order to determine the definite integral, we must, accord- 
ing to the nature of the problem proposed, assign the proper 
limits, which 'we shall represent bj a and by as before; then 
we have 

/ f{T)dx^ (p{a) — q>{h). 

%/ a 


As every function of x may represent the ordinates of a curve 
whose abscissa is x, it follows that the operation of inte- 
grating between limits may be applied to finding the areas 
and lengths of curves, the volumes and surfaces of solids of 
revolution, &c. 


Exaynples. — Areas of Carves y Volumes of Solids , dc, 

(1.) The general equation to a parabola of any order is 
^m + n _ axm^. Then, since A = fydx taken between the 
proper limits, we have in this case 



n 


m -f n 
m + 271 


m 


m + 2 n 

x^^^ 4- C. 


Then we perceive that the area = 0 when a; = 0, .-.0 = 0; 
and taking the above between the limits a? = 0 and a? = ar, 
since the value of the integral commences when a? = 0 and 
ends when a? = a?, we have 


o 


m+n + 




m + 2n 


W -f- 
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(2.) The general equation to hyperbolas referred to their 
asymptotes is 







m-fn 

A ^ ” 

and y = — ^ 

Xn 


m+n 


A = j'ydx = ^ — dx ==y ^ a ” 


m-i- n 




n 


n — m 


m 4* n «— ♦» 



c. 


We must here determine the constant C, as in the above 
example, that is, find when the value of x makes the area 
= 0, &c. We must here observe, that this formula fails 
when m ’=^n\ for then A = C -f log x^ which cannot be 
determined by the above method. 

(3.) The equation to the tractrix is 

_ y 

dx («® — 


. . ydx = — dy(a^ — y^)^. 


and A = j'ydx = — j'dyic? — y^")^ 




Then in order to find the area included by the positive axes, 
let y = — a, observing that C = 0, 

F 
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EXAMPLES ON THE 


, 1 --11 
whole area = •.* sm * 1 = -• 

Since it is shown in all works on the Differential Calculus 
that 

=. 2 ,, + (!)', 

it follows that to find the volumes and surfaces of solids we 
have to integrate these functions between the proper limits. 


Examples. 

(1.) To find the volume aud surface of a sphere. 

The equation to the circle referred to the centre is 
y- = r* — where r represents the radius of the sphere ; 
and as one value of r lies wholly above and the other wholly 
below the axis of x, we must integrate between the limits 
4? = — r and x =:r; we have 


Y TT r (r^ — a^) dx = rK 

If we integrated this without reference to limits, the ex- 
pression we should have would give the volume of the segment 
of a sphere; and we observe that C = 0 when iP = 0, since 
the integral becomes 0. 

Also, % = ‘l’njy ^J\ + ( g) = 2^3^ aJ\ + p 
z=z %'K j dx X 2r^ = 47rr^. 

«./ — r 
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We might form the integral 


J (y* = 3 TT f ^ 7^ dx 


by writing the value of given in the equation to the curve. 

Hence the integral = 3 error, which is the surface of the 
segment, whose height is x, 

(3.) To find the volume and surface of a prolate spheroid 
formed by the revolution of an ellipse about its major diameter. 

The equation to the ellipse is = ~ (a^ — o?®), where a 
and b represent the major and minor semi-axes respectively. 


Hence, V = y^dx = tt — ^ (a® — o?®) 

^ V 2 ^ \ . r, 


dx 


which is the volume of a spheroidal segment, remarking that 
C = 0. Next we must integrate between the limits or = — a 
and or = a ; then we have 

V = TT '-r, j (a® — x^)dx = - irh^ay 

-a ^ 


J dy h X 


(£) 


1 + 




a®(a®— oj®) 


a® —6® 

If we write for — = — we have 
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EXAMPLES ON THE 


s 



- ^vhe Pf 

— r-J [7- 


i H — 7 sin~^ — > 
a ) 


+ C. 


dx 


Here C = 0, and if we integrate between the limits iir = — a 
and x = a we have the whole surface 

(3.) To find the volume and surface of an oblate spheroid. 
In order to determine the equation to this, we merely have 
to change a into h, and we have 

= i (S’ -«-•), 

.nd V = ^/(S> - (S.-|) + C. 


Integrating between the limits ;r = — 5 and x :=z -j- b, 
observing that C = 0; for V = 0 when ;c = 0, /. the whole 
volume 

and the surface of the oblate sphere may be found in the 
same manner as the last. 

(4.) To find the volume of a circular spindle. 

Here let O be the centre of the circle of which CB is a 
segment^ and let OC = the rad. = r be perpendicular to 
AB, OD = a ; GD = and the chord AB = ; OF = y ; 

(see figure page 103.) then we have 

r* == «* -b (y -f 
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= r* — 

V = T fy^dx = It f{f — ct^ ~ a?’ — %ay') dx 

= It {<r* —«’)*+ y — Say 

= TT {(r^ a^) X 2a x gen. area DGFC} + C. 

o 


Here C = 0, and the above gives the volume of the frus- 
tum HECE, the double of which is the whole frustum HFIL. 
The limits are x= — c, and x = -f- c, we have volume of the 
spindle 

= Stt — a X geh. area ACB}. 

(5.) To find the volume of an el- 
liptic spindle. 

Let ACB be the generating arc 
of the ellipse, in which AD = c, 

OD = i, MO = a = semi-axis major, 
and OC z=z b z=z semi-axis minor; DG = oj, and FG = y. 
Then from the property of the ellipse c being the 

a : b :: {a^ — = PF. 

ct 



Hence y == 


a 


^ a ’ 


V = ir f fdx 

/• h^^x^ b i 

= W {6^ + ^I^jdx 

= ’*' y • " -- j— — 2iy}dx 
3 x^ 

= X . — — 2i . area DGFC} + C 

o a* 

= volume of ECFH, and when a? = c, C = o, 



m 


EXAMPLES OM THE 


we have v {h^c . - — 2i . area DAC), 


r, T < ^ . area DACC 


the double of which will give the volume of the whole 
spindle. 

( 6 .) To find the volume of a hy- ^ ? 

perbolic spindle. c 

Putting i = the central distance 7\b 

O D, c = AB, and retaining the T'^ 

notation employed in the last, we 

have by the nature of the curve, ^*^==^ 5 =^^=^ 


OM : OC = i -j- ai^) : NF 5 = 


b n/ -p 


y = OD - NF = i — 


h s/o^ -f 


•. v= Jy'do) 

= »r/'{6’‘ — »'* + + 2ty| rf* 

= jr |2» X area OFCD — — y^| + C 

f - . 6'ai /3c* — 4a!* \) 

= JT |2t X areaGFCD— x ( 


6 *ai /3c* -4a!* 
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and C = 0. This is the volume of the frustum FCEH, and 
for the volume of the spindle we have 


Stt 


|2t X area AFCD — 




(7.) To find the surface of a cir- 
cular spindle. 

Retaining the notation used in 
the last, we have 

no = ^ + a 

= n/oF’ — Fn^= N/r* — 


c 



= (r* — — a, 



and C=0, the surface of the part HECF; and if ^=c, we have 


S = 27rr|c — a sin"”* ~ |» 


the double of which will be the surface of the whole spindle 
ACBE 
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(8.) To find the volume of a 
parabolic spindle. 

Put CD = h, AB = %Cy and 
X = AG, and y = FG. 

From the property of the parabola 
AD* : AG . GB : : CD : EG, 
c* : x(^c — x) : \ h : 


c 





•. \ J'fdx 

=5r^j-y^4c*»* — 4car’ + x*)dx—^^^ 


7rA*/4c*ar* . 

3 ‘*^+5, 


the volume of AFH, since C = 0 ; when a? = c, we have 


ttA* 

c* 




15 


rh^c 


volume of the semi-spindle; and, as we have found the volume 
of the part AFH, if we subtract this from the whole semi- 
spindle, we shall have the frustum EHCF, the double of 
which will be volume of the whole frustum EHIL. 

In the same manner as in the last example, we may find 
the surface of the parabolic spindle. 


(9.) In a parabola find the area included between the 
curve, its evolute, and its radius of 
curvature. 


area parabola ANP = J^y dx 

p 4 2 

= 2 sj a J sj X dx ^ - >/ax^. 


‘/J 

lV 

N' 

'"A 



area 


evoluteAN'P' = y'*^d« = — J' (a-Hafd, 



INTEGRAL CALCULUS. 


105 


16 v/Sa 


(a — — — : ^ ^ 8 =: 

15v/3a i 


subnormal N G = « = V — = 2 a 

* 

NP . NG 3 i 

area PNG = ^ ay 2<j^ x 

ii 

GN' = AN' — AG = Sx + 2a — x — 2a = 2*, 


area P'N'G = 


GN'. N'P' 


= ^^=47.^ 


4:ax'^ _ . 

4a^ V'a 

area APP' = APN + NPG + AN'P' — GN'P' 


4 , ? , „ I i , 12^;’ ‘2^’ 

= - ^/ax + 2a’ 0 ! + — 

o 5 <ya tja 


s is 

2 0 + 30 a* a? -f 

~ 15 

^ / Q ^ i O \ 


(10.) To find the length of the spiral of Archimedes. 


d>B ds d£ 1 /— 

dr dd dr a ^ 
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^ ^ ^ y/ a^ 

= ; v/;^^ - \fir^?T7 + af-^ 

= 3 ^ '/’"+“■ + 5/7: 


dr 

dr 
''r* + 


-h 




(11.) On AB, the diameter of a given semicircle ACB, take 
AD==the chord AC; joinC, D; bisect C D in P, and find 
the equation and area of the locus of P. 

Join A, P, and put A P = y, Z- PAD = (p, and AB = ‘2 a; 
then AC = AD = 2a cos 2^, and AP or y = 2a cos ?> cos 2p'. 
Let A P = y be drawn in an opposite direction ; then 
^ will become 180° -f <p, and A P or y will become = 
2a cos (180°= (p) X cos (360° -f 2<^) = — 2 a cos ip cos2^ = — y 
which indicates that when <p passes 180°, 
the point P will begin at B, and de- 
scribe exactly the same curve which it 
has described ; hence, when ^ arrives at 
180°, the curve is complete. When 
y = 0, (p has three values from 0° to 
180°, viz., 45°, 00°, and 135°, which shows that the point P 
returns thrice to the point A, and therefore describes three 
noduses; 2 area ABP fy^d ^ = 4:a^J^d(p cos^ ^ (1 — 4 sin^ 
cos^ <p) = (p -f -J- a* sin <p (3 cos ^ — 2 cos^ 9 + 8 cos* 9), 
this between ((> = 0°, and 9 = 45°, gives | circle + | a^, or 
1*45206 for the area APBEA, and between (p = 45°, and 
0 = 00°, gives circle — | a^ or '118733' a’* for the area 
of the other two small and equal noduses, each of which 
are therefore = J circle •— ^ a^ or *05936' a^; hence the 
area of the entire curve comprehending the three noduses 
is equal to the semicircle ACB. 
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(12.) ACDB is a given circle, whose diameter is AB ; on 
the chord AD, which is an arithmetical mean between the 
chord A C and the diameter A B, take A P, a 
geometrical meetn between A C and A B, d 

and show the nature and area of the curve 
which is the locus of P. 

Put A B = a;, AP = r, and Z. PA B 4b 

= 0; then AD = a cos 6, and AC = 2 AD V J 

— A B = 2 a cos 6 — a, and consequently 

AP"^ or r® = AC . AB = (2 cos 0 — 1), 

the polar equation to the curve. For the quadrature we have 

2areaABP = J (2 cos ^ — 1) 

= 2 sin B 

To ascertain the limit, put r = 0; then or (2 cos 0 — 1) 
= 0, and cos 6 = i; therefore the curve makes an angle of 
60° with the diameter A B ; hence, taking the above between 

0 = 0, and 6 = 60°, we get \/8 — . 2ir, or X *6848, 

6 

(13.) Let the given circle CED, whose diameter is CD, 
touch the indefinite right line AD in D, and from the given 
point A, draw the right line A EC, 
on which take A P = the sine of the c 

arc EC, and find the equation and 
area of the curve which is the 
locus of P. 

The lines being drawn as enun- 
ciated, put CD = a, jL da C = ; 

then AD = acot(P, and, by similar 
AS, CD : AD : : CG : EG =oot(p x CG; but, by the circle, 

i a 

E G = (a . C G — - C G^) ; whence CG = — = a 

^ ^ cot^ -f 1 

sin® (p, E G = A P = (a® sin* ^ a* sin^ (p)^ = i « sin 2^; 
the polar equation of the curve. When ip = 90°, A P = 0, 
when ^ = 46°, AP = ^ a, and when ?) = 0°, A P = 0 ; hence 
A is a punctum duplex. 
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Quadrature , — J'^AV xd(p^^a^J'd(p sin’ ^ J a’ 

(— I sin 4 ^ 4- 4?’)> which, between <p = 90°, and <p = 0°, 
gives J of the given circle for the area of the nodus A PA. 

(12.) Let AB, the base of the right-angled triangle ABC, 
be produced till BP be equal to the diameter of the inscribed 
circle. Required the equation, quadrature, and 
greatest possible ordinate of the curve which is L- — ^ 
the locus of P, the hypothenuse AC being given. ( 

Put the hypothenuse A C =a, 3- 141 59265 =7r, V/ 
and angle C A B = ; then, by trigonometry, A B c A 

= a cos X, and B C = a sin x ; whence B P = 

AB 4- BC — AC = a (cos x 4- sin x — 1), and A P = a 
(2 cos or -f- sin:c — I), the polar equation of the curve. When 
X = 90°, AP = 0, and when .a? = 0°, AP the curve 

commences at A and terminates at C. The maximum polar 
ordinate is when cos a: = 2 sin x, or when sin x = 4 -n/ 5, 
or X = 26° 33' 9". 

Quadrature, — The differential of the area is = JAP’cfx 
z=z ^ dx X (4 cos’ X 4- 4 cos x sin x -f sin’ x — 4 cos x — 2 


( I o 

- — 4 cos X ~ 2 sin X -f - cos 2 x 

4- 2 sin 2 X and the integrals give the area = J a’ x ^ ^ 
— 4 sin X 4- 2 cos X 4- j sin 2 X — cos 2 x ^ ; which, be- 


tween X = 0°, and x = 90°, gives | — 2 a® for the area 

of the whole curve A PC, or in numbers = *74889357 a®, as 
required. 

The area of the space inclosed by the curve 

— x^ is ^ a^. 


Area 



— dx 


1 


^ a 



C 
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If a? = 0 Area = - -f- C. 

5 

If ^ = a Area = 0, 


4 . 2 

Whole area = — — 
5 


The length of the curve, y log ^ - j - ^ 


from = 1 to = 2 is = log {e e ^). 




— 1 ) — ^ + 1 ) ^ — 1 

dx — ly ’ ^ 4- 1 


— 1 


4- 1 “h 4^'-^ 1 \“ 

^ (e^-' - If \e‘^- ir 




S = log (tf°' — 1 ) — * + c. 
u X =2 S = log (e‘- 1 ) — 2 + C. 

* = 1 S = log(e''— 1 ) - 1 +C, 
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from = S to iPrsI S = log(e^ — .1) — log(^^— 1)— 1, 
S = log {e^ -f- 1) — log e 

— (~^) = ^“8 (« + «“')• 

(14.) The length of the curve 8a’^y = -h 6a*iir’, 
measured from the origin of co-ordinates, is 

^ + 4 «-)' 

y — + 

%r h ® “* *’> 

I ^ .^iL = i (a^ + w* 9 ar^ -f 4 a^) 
a a?* 4a® ^ 


= {a?® -h Sa^a?"* -)- Sa'^ar^ -f a® -)- 3o- (a?^ H- 2a® a?^ -h a^)} 


= {(*" + a*)’ + 3a“ (*= + a*y| 

(*" + «*)= 


4 a® 


(a!* + 4«»), 


.\i=:Jdt!/\/l + y(»’‘ + a*)v/*» + 4 a* 


da’ 


1 a? 
4 


(a?® + 4a®)’. 
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(15.) The volume generated by the curve — 4a) =i 
ao! (x — 3 a) revolving about the axis of or, from a? = 0 to 

^ = 3a is = - wa® (16 — 16 log 2). 


y aj® — 3aa? / 4a* \ 

= a — = a ( ar -f- a H — ), 

a? — 4a \ X — 4a/ 


4 a* 


V =7r J\f^ dx^ira + aa? -f 4 a* log (x — 4a)^ + C. 

If a? = 0 0 = 4fra^ log (—4a) -f C. 


If a? = 3 a 

0 = tr a ^ ^ + 3 a’* + 4 a“ log ( — a) j + C, 

•. V =«-a|l^ - 4«* |]og (- 4a) _log(-a)|| 
= — 81og4j 

= ^a*|l5 — 16 log 2 j. 


(16.) Find the area of the curve in which 

(a* — 6*) sin 0 cos 9 

\/ a* sin* 9 -{- h' cos* 9 


area = 




1 /*(g^ — 5*)* sin* 0 cos* 0 
2*/ a* sin* 0 -|- 6* cos* 0 




1 ^ (a® — 5*)* sin* d d d 
2^/ a* tan* d + 6* 
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Let X = tan B, dS =: 


I 


dx sin 6 ; 


v/l 


area 


^ , v:i 


dx 




(a^ — b-y dx 
(a^ or H- h^') ( 1 -f xrY 


U A B C 

V (1 + x^y 


(a^ ~ by x^ 

= A (1 + -f B (a^ ;c- 4- 5*) + c (1 + a;^) (<i^ -f- 6^). 

.e.^=-5, (£^-y 

A = — 


Let * = V"! : - (a* - 6")" = - B (<*=“ - i’), 

.-. B =a=- h\ 

... (a* _ V^Y ¥) (a® ;»“ + t“) + «= A* (1 + xy 

= €(!+«’) (aW + i'O 

— (a’ — i®) (1 H- **) 6’ + a’ 6* (1 + «*)’ = C (I + «*) 

(a’ »» + 60 

6*(1 +a!*)(a“ + a’»’-a’ + 6*) = C (1 + *’) («'a!’+ 6’) 
C —b\ 



INTEGBAL CALCULtS. 


(a* — b^) 3^ dx 

' J («»*’ + 6*) (1 +«’)* 

= - “■ ‘’)/(r^- 


/ • </« p dx p x^dx 

(1 + ~J rr^’ ~J (1 + x^) 


-f-T 


X ^ r 

-f X*) hj i -{-x^ 


H- x^ (1 -f X*) 


1 ^ d X 


2(1 4-^7 


.*. area = 


p dx d n dx 

^ J d x^ ’V 4: J \ -^ X 


4 (1 4-^0 


dh , ax a' 4- 6*^ , x 

— — tan-^ — 4- ;; tan'^ x + — — r:^. 

2 b 4 4 (1 4- X ) 


Taking this between limits ^ = 0 and 9 = 90 ; 


or, X = 0 X = 00 


d^ 7c 

4~ 3 


a ^ {a — hy' ?r 

T 2 4 2* 


area 
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(17.) The length of the epicycloid after one revolution of 
the generating circle = 8 ^ (a + 6), and the area between 

the epicycloid and the circle = w* 5* ^ 8 -f — ^ 

p* = c* equation to epicycloid in terms of rad. 

vector and perp. on tangent where c = a -f 2 5. 


ds r 

dr ““ 

tfV ^ aV - cV -f _ a* r*) 

c* — a* ““ 


ds r 

dr ““ a ^ 





— r* -f C. 


If r = a + 25 = c, then « == 0, C = 0. 

T- -f 4a5 -f- 45* — 

If r =t a, then s = s= ! 5 


« = ± — (« + fr). 


hence whole length of arc of epicycloid 
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Also to find area — = . . . 

dr 

prdr er \/r‘ — a* \/<’* — a^dr 

Y' dO 7 — ::z — 33 X / . ■ rr- 

V^r* — ^ fp' a 


c r\J r'‘’ — a^dr 


dr y r* — a? 


- Cr-de^^ 

'■J y^a _ ^ 


Let — a* = rdr = z dz, ^ — z^, 


c r z^dz 

==— /— ==z=; ifc* — a 2 =ig 2 
2 ac/ 


2 a ^ 




= _ A ^ y^3^+ /— 

2a ^+2«yy^n^ 

c p z^dz 

k/ ^ — Z^’ 


area z=z ^ z ss^ sin“^ 4- + 

4a 4a iS 


If r = a then ;?; = 0, and area = 0, 


r = c then /S* — jp* = 0 ^* = o* — a’ 
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c(c* — a*) . — a* 

.** semi-area = ^sin * — 7 - 

4a ^c* — a* 


c(c^ — a^) v 

la 2 


area circle = - Swi ir ah, 

/w 


area between epicycloid and circle = — c 
^a -f- 2h^ 4h (^a -}- 


4 a 


4a 

TT — •irah 


(a^b -b 3a6 -f — a‘^b) 




(18.) Find the length of the curve where 

, 


1 + 




-AATI-zV 

kJ nJ ^ 


Taking it between the limits a? = 0, jc = a, 


'JL 


3 


The whole length of the curve 4 x - a = 6 a, 

A 


irah 
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(19.) If h = height of a parabolic frustum, a and h the 
radii of the ends, show that 

Frustum = ^ (a^ + h^). 

Equation to parabola 


r x+h y 

V = TT / tf^dx==.^itm j 


x->rh 


xdx 


= 2 KVd {(x + hy — = 2 Trm xk + k^) 


= ^{4otx + 4»i (x + A)} = ^(®' + 


(20.) Find the area of the catenary 

* 

Area = ydx = ^ -f e dx 

af ^ --\ 

= — ae «y» 



4- 2a^-f-a^£? ® — 4a* 


= ~ y/ 4 y 2 — 4:0^ ^ a \/y^ — a*- 
2 


(21.) Find the area of x*t/* — a*y* = a* 

a* 

y = 





1CX4MPLES ON THK 




If 


V/r^TT^’ 


log X = log a — - log (1 — i!*), 
dx 


1 —IS* 


= “'J'l rr^ = “!/ — 


a® /• 1 a® /• 1 o® / 1 

~ ~lJ~T+~z TJ \ —z 2./ 1 + ar® 


1 + ^ X -I 

-5-“” "■ 


But z* 


— a* a* 

"x^ ~ x*y*’ 


a , xy a® _ a* 

area = — log ■ j — — tan — 

4 ® j ^ 2 * 2 / 

xy 


^|log ./^L±A:_tan- 
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(22.) Find the volume generated by the revolution of the 
witch roimd its asymptote. 

, , , 2a — 

y’ = 4a* equation to witch, 

X 

xy* = 8 a’’ — 


8a» 


+ 4a*’ 


4o* dy 


V»l„m. = . = 16 .- ^ 

= , 6 »v/v^,- 16 .', / ; 

../ y* + 4 a* y (y* + 4 a*)* 


2 + 


l/i 


(y* + 4a*)* 2 y* + 4a* ‘ 2 y’ + 4a*' 

dy 


Volume = 8a*^ 8 a* r /— 

y* + 4a* ./ y* 


4- 4 a* 


= 8a^ w —^d + 4a® TT tan'* 

4- 4a2 2a 


Taking between the limits of 1 / = oo and y = 0. 


Volume = 4a®7r tan”* 00 


2 a® TT*, and whole volume 


generated by curve both above and below the abscissa 
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MISCELLANEOUS EXAMPLES. 


(^•) \/ %ax ^ 3^ , dx 

^ {^ax — oF) dx 
J ^ ^ax — x^ 

rxdx {a H-(a — a:)} 

^Xnx — x^ 

f* axdx ^(a — x) xdx 

\/2aa? — J sJ%ax-~-36^ 

P{a — x') dx . X 
• ^ \/ ^Zax — a?' 

= X sj "lax — — f \/ 1 ax dx, 

p axdx /*{(® — ir)a — <!*} 

J s/^lax—x^ J 


kJ ^ax — x^ 

^ a s/lax — a®, ver 8in~* - , 

a 

.*, 2 f \/ lax — x' . dx 
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y/ , dx 


(X’-~a)\/2ax--x- a® ,x 

o H TT V®** “ • 

2 2 a 


This integral is used by Eamsbaw, in finding the centre of 
gravity of the area of a cycloid. 


( 2 .) 


/ 


x^dx 


\/2 


ax -r 


By formula of Reduction, 


f 


x'" dz 


\/ %ax -f d 


_ ^ ^ a(2n — 1) n oT^^dz 

n n y/ 2 a -f a?' 


If n = 2, this gives ^ 


xP dx 


ax 3^ 


y/ ^ax 4- x^ 


Also 


X\/^Zax-\-x^ Sa ^ x dx 
2 \ 

y» Xdx 
J y/'^ax+x^ 


= y/ 2aa? 4- — a 


dx 


y/ ^ax -f x^ 
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And f-.. =r = log {a? -f a -f )^ax + a?-}, 

* ' V 2ax -f- a?'* 


•./ \/ 2aa? -f- a?- 

== a a? + a:® — a log {a -f a -h \/2 aa? -f 

5 ■3-VS-- + ** 


o a / — 

+ -^ log {* + a + \/2ax + *“}. 


„ CHax — x-)i 


let p = X dp = dxy dq •=. 


(2 a a? — x^)i 


■. q= f ^ . = r (2a — *) ^ dx = 

* J {'2ax~x)i J 


^ (8a»~’ — 1) ^ X ^ dx 
’ ~ ~ ^ — 2 a*- 
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f pdq =pq —f qdp 




•s/a . dx 
y/ua — X 



xdx 

^ax — 7^ 


but by the formula of reduction. 


/ * X dx / - — — — - , X 

= — ^ 2aa? * -f a ver8“^ 

v/aa* — X* « 


^ x^ dx 
^ (*2ax — x] 


X 

a 



+ “ \/2 ax — X* — vers“‘ 

It ^ M 


taken between the limits of 0 and a, 


./ 


^ = 1 + 1- ^ = 2- 5= -4292. 
(2 ax — x')5 2 2 


This integral is used in Barlow on the strength of mate 
iais. See pages 364, 365. 


^ r x^dx / 1 1 ^ 


+ a 



a 




dx 

WVw 


X 

2 ^ -f 5) 


7=:tan~^ 

2hsyh 
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d X 
a) 


1 ^ 1 ax + h 

"" (a» + by lyWTb ■'■ ‘ 

a(a^ + 36) -i _f_ 

“ ^/h 

/ • 

(a 4- fex*)'' 

( 54?* 3aa?^ 1 3 dx 

Jb W / ' 8P,/ a + bx‘ 

(H.) r ^ + J«)— ^ ^log(a + hx). 

' 'J(a-rhx'f ^ ^ ^ i* a + 6a! fr* ^ 

The formula of reduction 

(9.) r. — — ^I3EZ- 

w — 2 /• fi?a? 

m-\J ar-^-^r^’ 

gives the following integrals, taking w odd 


/ * 


2jc® 2 


1 /• dx 

Xs/ \ — 


n dx y/ 1 — ^ /* 

x'* sj \ — a?’ ^ \/ \ ^ x’*' 
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f-. 


dx 


\/l 


Taking m even 


\/i- 


''f x' 


dx 


s/\ 


dx 


v/ 1 — ^ 


+ C 


/* ^ n 

J x^sJX^x* ^ ^ 

&c. 


dx 


a^s/l 


The following integrals may be done by the general form 

/• p. 

j x" * (a -f haf*)*i , 
dx 


(■»•> fz 


1 , a hx — sJ a 

~ log • 

\/ a -^-hx \/ a a -^hx a 


dx 


("■l/rv^TTli 
/ 


\/ a 
_ v/4: -f 3;c 


( 12 .) 


(13.) 


4:X 
2 

= r-.Sin 


_ A log \/^ + " A. 

-y^ + 3* + 2 


X \/bx — a \/ a 

dx 


'-V 


hx — ( 


hx 


f— 

x{a 


{a + hxf a \/ a -\‘hx 

1 , sj a’\-hx’- \J a 

7= log 


a sj a y/a-X-bx a 


/• x^dx Q |f 4 - 4 aT + 

<'‘V i 1- 

dx 


/ * dx ( 


(a + 
x\dx 


: + 




i,Sa{a~^bx^) Sa^J ^a^^hx^ 

{1(1 + + Xi) + l}. 
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= + 8«“). 

^ ■''7(0 + 


(18.) /- 


'(0 + 6*-)* 18"*“ 
= -/- 


dx 


2 

(2aa? + ^0® l3(2aa;-4"^0 3a*J 

a? -f a 


\/2 aa? 4“ ^ 
e* xdx e* 


V p er xdx 

<■»•) /ffTTr = T 

(20.) Show that « 


-h 


C— 

d tin 4 ■, 


tan- 


(21.) (a^ — 3a? -h 6 ~ 6). 


(22. 


>/ 


«**8in^a?</a? = 


g^ajr 

a(a^T) 


. sin a? 

4- 4 


(a sin a: 4- 2 cos a?), 


^ ^ cos 2a? ^ sin 2a? 

'To ■'' 5 ■ 

tan^a? 1 


(23.) f «* cos** = ^ + + 

V /' rfa? ^ tan-'a? i 

(^•) /-^-l j-=2tana?4' — J 

sin* a? cos* a? o tana? 


also, show that the integral is 


1 


1 


8 


3 sin a? cos® a? 3 


- cot 2 a?*. 


r dB 1 , f tan ^ 1 

(»■) yn^. = 7fS?'“ 


* It it observed by De Morgan, that we are liable, in using artihees of 
integration to produce results which appear different, but which in fact only 
differ by a constant. This discrepancy does not appear when the integrals 
are taken between definite limits, since — ^6 = ^a4-C—(^4-C), 
are the same. See De Morgan’s Differential and Integral Calculus, p. 116. 



INTEGRAL CALCULUS. 


1^27 


Oft ^ r ^ ^ / y/ 1 C08^~8iD 

' * V 1 — 1 ^ cos^ B 2\/ 1 — cos d + sin^f 


0 > !)• 


V /• dB 3 - caB h\ 

27.)^ sin^ {aB -\-l) cos"^ (aB h) 2 a ^ 3 

If 1 cos g ^ ^ ^ , 

a |cos (g ^ -f 5) 2 (sin- aB^h)\ 


f 


d B vers 2 B 

sec B cosec B 4 


1 


/ d B cosec 2 B^ ^ log tan B, 

de 


28.) 

;29.) 

'30.) / — =: - tan n B, 

‘ J cos'^ n ^ n 

oi \ r d B 1 1 H- sin 2 ^ 

/ :rT— = cos ^ -f sec B, 

J cos" ^ 

X r 1 1 

U) I-. -Z —A = ^ ^ 

^ 8in B cos^ ^ 2 COS' ^ ° 

' sin^ B d B sin* 0 2 


83.) 

34 

35.) / 


COS** B 5 cos’ B 5 • 7 cos' ^ 


36.) f ( 8 vclB dB d r ^ — r^) (cos B — cos B)- 

%/ r ^ O 

This integral is used by Professor Moseley on the arch, 
iee the “ Mechanical Principles of Engineering and Archi- 
Gcture,’' page 467. 

(37.) A OB is a quadrant of a circle, O its centre ; draw any 
ihord BED. and OE nemendicular to it. iinnn whioh ti»lrA 
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EXAMPLES ON THE INTEGRAL CALCULUS. 


O P equal to half the cosine of the arc B D, and determine 
the quadrature of the locus of P. 

(88.) CP and CP are conjugate diameters of an ellipse, of 
which the semiaxes are a and b; P F is perpendicular to PC : it 
is required to find the area of the curve, which is the locus of F. 

(39.) A right line drawn from a given point cuts a given 
circle, and the intercepted chord is the minor principal axis 
of an ellipse, whose area is equal to that of the given circle. 
Find the quadrature of the curve described by the vertex 
of the ellipse. 

(40.) Supposing the arc of a semicircle to be stretched out 
into a straight line, and an indefinite number of perpendiculars 
erected on it, each equal to the versed line of the correspond- 
ing arc ; what would be the length of the curve traced out by 
the tops of the perpendiculars ? 


(41.) The polar equation to the parabola is r = 


— ^ . show 
cos^- 


that the area = a® 




tan^ 


e 

2 


)■ 


(42.) The equation to the lemniscate being -f = ai^ 
— find its area between the limits of a? = 0 and a? = 1. 

(43.) Let the base AB of a right-angled plane triangle be 
given, and in the variable hypothenuse AC, let there be con- 
tinually taken CP equal to the perpendicular CB. Find the 
equation and quadrature of the curve, which is the locus of 
the point P. 

(44.) ACB is a given quadrant of a circle; A the centre, 
and D any point in the curve. Draw O D perpendicular to A B, 
and take DP = BO; then the area of the curve, which is 
the locus of P, will be = the circular segment C DBC. 

(46.) The perpendicular BC of aright-angled triangle ABC 
is given, and in the variable hypothenuse AC, let A P be 
taken, so as always to be equal to BC ; required the distance 
BP of nearest approach, and the quadrature of the curve, 
which is the locus of P. 

(46.) Find the content of the solid generated bv the revo- 
lution of the curve, whose equation is (a* -b or) y* — 

(a* — jf*) = 0 ; about the axis of x. 






